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How to use this book

This book develops quantum computing from probability and complex numbers
to algorithms, noisy devices, and fault-tolerant systems. It assumes ordinary
algebra, a little trigonometry, and a willingness to calculate. Programming ex-
perience and a prior course in quantum mechanics are helpful but unnecessary.
The mathematical ideas that do real work are introduced where they first be-
come useful.
The central question is operational: what can we prepare, transform, mea-
sure, and reliably infer? A list of amplitudes is not a list of readable answers.
An entangled state is not a communication channel by itself. A quantum algo-
rithm is not a speedup until its input, output, accuracy, and classical compari-
son have been specified. These distinctions connect the mathematics to honest
claims about technology.

The two editions
The PDF is a continuous course with worked calculations, exercises, and solu-
tions. The web edition contains the same chapter text and numbered exercises.
Laboratory panels appear where experimentation helps. Each laboratory has
a permanent identifier, and the PDF links to its location. Changing an input
recomputes the mathematical model; the displays are not prerecorded demon-
strations.
Begin by predicting a result, then run an experiment, then explain any discrep-
ancy. For finite-shot experiments, distinguish disagreement caused by sam-
pling from a wrong model. Record the preparation, basis, shot count, and ran-
dom seed. A screenshot without those details is rarely a reproducible experi-
ment.
The laboratories run classical simulations in the browser. They do not send
circuits to quantum hardware. Some calculate exact state vectors, some evolve
density matrices, and some use an explicitly stated reduced model. Their limits
are part of the lesson: a small exact simulation, a repetition-code memory, and
a hardware resource estimate answer different questions.

iv
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Routes through the material
First encounter. Read Chapters 1–8 in order. Work the projections in Chapter
3 by hand, including complex conjugation. Use the circuit laboratory before
attempting the algorithm chapters.
Algorithms. Chapters 9–15 move from oracle interference to period finding,
Hamiltonian simulation, and variational methods. The oracle examples expose
mechanisms; small black-box problems are not industrial applications.
Reliable systems. Chapters 16–21 develop simulation, coding, fault tolerance,
resource estimates, and physical hardware. Chapter 22 connects information
protocols to networking and cryptography. Chapters 23–25 cover software, re-
search evidence, and integrated projects.
A two-semester course can cover the text with laboratories and projects. A
one-semester course can emphasize Chapters 1–13, 17–19, 21, and 24. This
is a suggested teaching arrangement, not a promise that every beginner will
master all chapters at the same speed.

Notation and arithmetic
The computational basis is {|0⟩, |1⟩}. The X basis is

|+⟩ = |0⟩ + |1⟩√
2

, |−⟩ = |0⟩ − |1⟩√
2

.

The Y basis is

| + 𝑖⟩ = |0⟩ + 𝑖|1⟩√
2

, | − 𝑖⟩ = |0⟩ − 𝑖|1⟩√
2

.

A bra is the conjugate transpose of a ket. In particular, ⟨+𝑖| = (⟨0| − 𝑖⟨1|)/
√

2.
This minus sign is not optional. The symbol 𝑖 satisfies 𝑖2 = −1; indices 𝑗, 𝑘 are
integers. Information logarithms are base two unless stated otherwise.
Throughout the book and browser simulator, 𝑞0 is the leftmost, most signifi-
cant qubit:

|𝑞0𝑞1 ⋯ 𝑞𝑛−1⟩, 𝑥 =
𝑛−1
∑
𝑗=0

𝑞𝑗2𝑛−1−𝑗.

Many SDKs, including Qiskit, give qubit 0 the least significant weight in a state-
vector index. Chapter 23 gives the conversion explicitly. Neither convention is
more quantum; silently mixing them produces wrong answers.
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Exact fractions and radicals are retained when they reveal cancellation. Labo-
ratory decimals are rounded for display; calculations use double precision. A
displayed zero may be smaller than the display precision. Numerical checks
use tolerances and do not substitute for proofs.

Evidence and the research boundary
Research cutoff: 5 September 2026. Dated statements describe sources
available by this boundary. An issue year, online publication date, preprint date,
and correction date can differ. Chapter 24 records these distinctions. The evi-
dence selection is a researched introduction, not a systematic census of every
laboratory or paper.

Label Meaning

Foundation Mathematical result or established
physical framework, with assumptions
stated.

Experiment Measurements on physical hardware,
with task and metric identified.

Theory / estimate Analysis or simulation under
assumptions; not a built machine.

Preprint Public research not treated here as a
verified journal result.

Company claim A vendor’s stated capability or goal,
distinguished from independent
validation.

Open question A question without a settled answer in
the scope considered.

Peer review strengthens scrutiny; it does not remove uncertainty. A logical
memory experiment does not establish a general-purpose fault-tolerant com-
puter. Postselection can improve conditional fidelity while discarding many
runs. A benchmark advantage does not automatically imply useful economic
advantage.

Provenance and independent authorship
Thomas G. Wong’s Introduction to Classical and Quantum Computing (2022) is
the supplied curriculum reference [1]. Its accessible progression from classical
information to qubits, linear algebra, multiple qubits, protocols, and algorithms
motivated the entry level. This book uses independently written explanations,
newly organized chapters, new exercises, original diagrams, and contemporary
research. It is a separate educational work, not an authorized revision or pub-
lication by Wong. No substantial prose or figures from the source book are
reproduced.
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The emphasis differs: density operators and channels are foundational; error
correction connects to logical operations and resource budgets; software fol-
lows explicit circuit semantics and current interfaces; and dated hardware evi-
dence is separated from timeless theory.
The text and software were prepared with OpenAI Codex for this project. Math-
ematical identities and implemented models have reproducible checks. This
production process is not an independent external peer review. References
lead to underlying research, particularly where the introduction stops short of
graduate-level detail.

Working with exercises
Every chapter includes problems and solutions or guidance. In the web edition,
try a problem before revealing its solution. The measurement-practice labo-
ratory generates new numerical questions, checks a probability, and reveals
its projection in stages. A correct decimal alone does not demonstrate correct
conjugation.
Keep a notebook of mistakes: normalization, conjugation, tensor order, gate
order, omitted conditioning, wrong noise convention, and inappropriate com-
plexity comparison. These categories become a debugging method as circuits
grow.



CHAPTER 1

Information, probability, and
computation

Learning goals. Encode information in bits, calculate conditional probabilities,
distinguish reversible computation, and compare algorithms using stated costs.

1.1 Bits and representations
A bit labels one of two distinguishable alternatives. The labels do not specify
the implementation: voltage, magnetization, or optical path may carry a bit if
the alternatives can be prepared and read reliably. An 𝑛-bit string labels 2𝑛
possibilities because every new position doubles the count.
The string 10110 represents

1 ⋅ 24 + 0 ⋅ 23 + 1 ⋅ 22 + 1 ⋅ 2 + 0 = 16 + 4 + 2 = 22.
It could instead label a color or database record. Encoding is a convention
shared by the algorithm and its users. Confusing a number with its represen-
tation causes complexity errors. An integer 𝑁 requires about log2 𝑁 bits; a
procedure using 𝑁 operations can be exponential in the input length.
NOT exchanges 0 and 1. XOR, written ⊕, is addition modulo two: 0 ⊕ 0 =
1 ⊕ 1 = 0 and 0 ⊕ 1 = 1 ⊕ 0 = 1. AND gives 1 exactly when both inputs
are 1. A half adder outputs sum 𝑠 = 𝑎 ⊕ 𝑏 and carry 𝑐 = 𝑎𝑏. For 𝑎 = 𝑏 = 1,
(𝑐, 𝑠) = (1, 0) is binary 10, decimal two.

1.2 Probability and shots
A distribution assigns nonnegative values 𝑝(𝑥) summing to one. For a noisy bit,
𝑝(1) = 𝑝 and 𝑝(0) = 1 − 𝑝. A probability does not mean the bit has a fractional
value; it predicts outcome frequencies across repeated preparations.
For independent trials, the probability of a particular sequence multiplies. Ex-
actly 𝑘 ones in 𝑁 trials has probability

Pr(𝐾 = 𝑘) = (𝑁
𝑘 )𝑝𝑘(1 − 𝑝)𝑁−𝑘.

1
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The binomial coefficient counts the sequences with that many ones. The sample
proportion ̂𝑝 = 𝐾/𝑁 has mean 𝑝 and variance 𝑝(1 − 𝑝)/𝑁 . Its standard devia-
tion decreases as 1/

√
𝑁 . Four times the shots approximately halves statistical

uncertainty.
Worked example. For 𝑝 = 1/4 and 𝑁 = 400,

𝔼[𝐾] = 100, Var(𝐾) = 75,

sd( ̂𝑝) = √(1/4)(3/4)
400 =

√
3

80 ≈ 0.02165.

An observed proportion 0.27 is unsurprising. The calculation assumes identi-
cally distributed, independent shots. Drift or correlated noise can invalidate
the assumption without changing the arithmetic.
Conditional probability is

Pr(𝐴 ∣ 𝐵) = Pr(𝐴 ∩ 𝐵)
Pr(𝐵) , Pr(𝐵) > 0.

If 60 of 100 runs are accepted and 54 accepted runs are correct, conditional
accuracy is 54/60 = 0.9. The probability of an accepted correct result per
attempted run is 54/100 = 0.54. Both numbers matter when evaluating posts-
election.
Writing the joint probability in two ways gives Bayes’ rule:

Pr(𝐴 ∣ 𝐵)Pr(𝐵) = Pr(𝐵 ∣ 𝐴)Pr(𝐴),

Pr(𝐴 ∣ 𝐵) = Pr(𝐵 ∣ 𝐴)Pr(𝐴)
Pr(𝐵) .

A decoder uses this idea to infer which error likely produced an observed syn-
drome. The most likely error need not involve the fewest flipped bits if the prior
probabilities differ.

1.3 Entropy and redundancy
Shannon entropy is

𝐻(𝑋) = − ∑
𝑥

𝑝(𝑥) log2 𝑝(𝑥),

with 0 log2 0 = 0 by continuity. A fair bit has entropy one; a known bit has
entropy zero. This measures uncertainty in a distribution, not memory size or
energy [2].
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Repeat a bit three times as 000 or 111. Under independent flips of probability
𝑝, majority voting fails when two or three bits flip:

𝑝fail = (3
2)𝑝2(1 − 𝑝) + 𝑝3 = 3𝑝2 − 2𝑝3.

At 𝑝 = 0.1 the failure probability is 0.028. Protection costs extra physical bits
and assumes reliable encoding and decoding. A common disturbance flipping
all three bits defeats the independent-noise model. Quantum codes will pre-
serve arbitrary amplitudes rather than copies of an unknown state, but the need
to specify noise remains.

1.4 Reversibility and workspace
A reversible transformation is one-to-one. NOT is reversible. AND alone is not:
00, 01, and 10 produce the same output. A function can be embedded in a
reversible map by preserving its input:

𝑈𝑓 ∶ (𝑥, 𝑦) ⟼ (𝑥, 𝑦 ⊕ 𝑓(𝑥)).
Applying it twice restores 𝑦, because 𝑓(𝑥)⊕𝑓(𝑥) = 0. When the target starts at
zero, it contains 𝑓(𝑥) afterward. The retained input prevents information loss.
CNOT maps (𝑎, 𝑏) to (𝑎, 𝑏 ⊕ 𝑎). Toffoli maps (𝑎, 𝑏, 𝑐) to (𝑎, 𝑏, 𝑐 ⊕ 𝑎𝑏). Toffoli
computes AND into a zero target while retaining the inputs. Its action permutes
eight basis strings, so its matrix is also a quantum unitary.
Intermediate workspace can remain entangled with an answer. The compute–
use–uncompute pattern calculates a function, uses it coherently, then reverses
the calculation to clear temporary data. This is not housekeeping: distinguish-
able workspace can destroy interference between alternatives [3].

Laboratory L01 — Reversible logic and repetition. Explore CNOT and Toffoli
truth tables. Change the flip probability and compare unencoded and three-bit
failure probabilities. Identify the independence assumption.

1.5 Comparing algorithms
Costs include gates, sequential depth, oracle calls, shots, memory, and elapsed
time. Low depth can require many parallel qubits. Few queries can hide an
expensive oracle. An accurate estimate may require many executions of the
entire circuit.
𝑇 (𝑛) = 𝑂(𝑛2) means constants 𝐶, 𝑛0 exist with 𝑇 (𝑛) ≤ 𝐶𝑛2 for 𝑛 ≥ 𝑛0. It is
an asymptotic upper bound, not an exact runtime. Θ(𝑛2) includes a matching
lower bound. Small-input overhead and constants remain relevant in practice.

https://quantum-computing-2026.bensont.chatgpt.site/chapters/information/#lab-bits
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P contains decision problems with polynomial-time deterministic classical al-
gorithms. BPP permits bounded-error classical randomization. BQP permits
bounded-error quantum computation with uniform polynomial-size circuits.
NP means that yes-instances have efficiently verifiable certificates; it does not
stand for “not polynomial.” Whether BPP equals BQP is open. No theorem says
quantum computers efficiently solve all NP-complete problems.
Factoring has a polynomial-time quantum algorithm but is not known to be NP-
complete. Grover gives a quadratic query improvement in unstructured search,
not an automatic exponential improvement in every optimization task. A use-
ful comparison specifies the problem, encoding, accuracy, and best applicable
classical method.
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1.6 Exercises

1.1. Convert 45 to six-bit binary and count the possible strings.
Solution / guidance

45 = 32 + 8 + 4 + 1, giving 101101. Six bits label 26 = 64 strings.

1.2. For outcome probability 0.8, find the standard deviation of the observed
proportion in 100 and 1,600 shots.
Solution / guidance

√0.16/100 = 0.04 and √0.16/1600 = 0.01. Sixteen times the shots gives four
times smaller standard deviation.

1.3. Factor 3𝑝2 − 2𝑝3 − 𝑝. When does repetition help?
Solution / guidance

It is −𝑝(2𝑝 − 1)(𝑝 − 1), negative for 0 < 𝑝 < 1/2. It vanishes at 0, 1/2, 1. A known
channel with 𝑝 > 1/2 can first have its outputs relabeled.

1.4. Explain why AND alone cannot be unitary and Toffoli can.
Solution / guidance

AND merges orthogonal inputs and changes dimension. A unitary preserves inner
products and dimension. Toffoli is a bijective basis permutation with orthonormal
matrix columns.

1.5. An algorithm calls an oracle
√

𝑁 times; each call costs 𝑁 elementary
operations. What work is hidden by a query count?
Solution / guidance

The calls alone cost 𝑁3/2 elementary operations. An oracle-call bound does not
include implementation, preparation, or other algorithmic work unless explicitly
stated.



CHAPTER 2

Complex amplitudes and
quantum states

Learning goals. Manipulate complex numbers, normalize a state, calculate in-
ner products, and distinguish coherent superpositions from classical mixtures.

2.1 Why amplitudes precede probabilities
Two indistinguishable paths can contribute to one detector outcome. Chang-
ing their relative phase can change the detection rate without changing either
path’s separate intensity. Classical addition of path probabilities cannot de-
scribe that interference. Quantum theory adds amplitudes for coherent alter-
natives and takes a modulus squared to obtain a probability.
This does not mean a computer calculates every answer and lets us read
whichever we want. An algorithm must arrange physical transformations so
the desired measurement statistics reveal useful information.
A complex number is 𝑧 = 𝑎 + 𝑖𝑏, where 𝑖2 = −1. Its conjugate is 𝑧∗ = 𝑎 − 𝑖𝑏,
and

|𝑧|2 = 𝑧∗𝑧 = (𝑎 − 𝑖𝑏)(𝑎 + 𝑖𝑏) = 𝑎2 + 𝑖𝑎𝑏 − 𝑖𝑎𝑏 − 𝑖2𝑏2 = 𝑎2 + 𝑏2.
The mixed terms cancel. Squaring 𝑧 instead gives 𝑎2 − 𝑏2 + 2𝑖𝑎𝑏, generally not
a real probability.
Worked arithmetic.

(2 − 𝑖)(1 + 3𝑖) = 2 + 6𝑖 − 𝑖 − 3𝑖2 = 5 + 5𝑖,
|2 − 𝑖|2 = (2 + 𝑖)(2 − 𝑖) = 4 − 2𝑖 + 2𝑖 − 𝑖2 = 5.

Polar form is 𝑧 = 𝑟𝑒𝑖𝜙 = 𝑟(cos𝜙+𝑖 sin𝜙). Multiplication multiplies moduli and
adds phases. In particular, multiplying by 𝑒𝑖𝜙 rotates a complex-plane arrow
without changing its length.

2.2 Vectors and kets
The computational basis is

6
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|0⟩ = (1
0) , |1⟩ = (0

1) .

A pure qubit is represented by

|𝜓⟩ = 𝛼|0⟩ + 𝛽|1⟩ = (𝛼
𝛽) , |𝛼|2 + |𝛽|2 = 1.

A ket names a vector. Addition and scalar multiplication act componentwise.
Normalization ensures that the two computational measurement probabilities
sum to one.
For a nonzero vector |𝑣⟩ = 𝑎|0⟩ + 𝑏|1⟩,

|𝜓⟩ = |𝑣⟩
√|𝑎|2 + |𝑏|2

.

The zero vector cannot be normalized: it assigns probability zero to every out-
come. Software should reject it, not silently substitute a state.
Worked example. Let |𝑣⟩ = (1 + 𝑖)|0⟩ + 2|1⟩. Expanding the norm gives

⟨𝑣|𝑣⟩ = (1 − 𝑖)(1 + 𝑖)⟨0|0⟩ + 2(1 − 𝑖)⟨0|1⟩
+ 2(1 + 𝑖)⟨1|0⟩ + 4⟨1|1⟩

= (1 − 𝑖)(1 + 𝑖) + 4
= 1 + 𝑖 − 𝑖 − 𝑖2 + 4 = 6.

We used ⟨0|0⟩ = ⟨1|1⟩ = 1 and the cross overlaps zero. Hence the normalized
vector is ((1+𝑖)|0⟩+2|1⟩)/

√
6. Its Z probabilities are 1/3, 2/3. The cross terms

vanished because the basis vectors are orthogonal, not because imaginary co-
efficients can be ignored.

2.3 Bras and inner products
The bra of a ket is its conjugate transpose:

⟨𝜓| = (𝛼∗ 𝛽∗) .
For |𝜙⟩ = 𝛾|0⟩ + 𝛿|1⟩,

⟨𝜙|𝜓⟩ = 𝛾∗𝛼 + 𝛿∗𝛽.
The inner product is linear in its right argument and conjugate-linear in its left.
Thus ⟨𝑐𝜙|𝜓⟩ = 𝑐∗⟨𝜙|𝜓⟩, and ⟨𝜙|𝜓⟩ = ⟨𝜓|𝜙⟩∗.
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Orthogonality means inner product zero. A suitable measurement can perfectly
distinguish orthogonal states. A single copy of a nonorthogonal state cannot be
distinguished perfectly from another nonorthogonal alternative with zero error.
For the X basis,

⟨+|−⟩ = 1
2(⟨0| + ⟨1|)(|0⟩ − |1⟩) = 1

2(1 − 0 + 0 − 1) = 0.

Both states have equal Z probabilities, but they are distinct orthogonal states.
Z is simply the wrong measurement for distinguishing them.

2.4 Interference and phase
Two amplitudes 1/2 and 1/2 sum to one; two amplitudes 1/2 and −1/2 sum
to zero. Their squared sums are one and zero. Such coherent addition must
be implemented by a physical transformation; it is not permission to combine
probabilities arbitrarily.
Multiplying an entire ket by a global phase changes no measurement probabil-
ity:

|⟨𝑚|𝑒𝑖𝜒𝜓⟩|2 = |𝑒𝑖𝜒|2|⟨𝑚|𝜓⟩|2 = |⟨𝑚|𝜓⟩|2.
A phase attached to only one component is relative and can become visible after
a basis change. All states (|0⟩ + 𝑒𝑖𝜙|1⟩)/

√
2 have equal Z probabilities; only

𝜙 = 0 gives |+⟩. They occupy different positions around the Bloch sphere’s
equator.
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Figure 2.1: Two equal magnitudes with different relative phases. The arrows
coincide on the left; on the right they point in opposite directions. A basis
change makes this phase difference observable.
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2.5 A mixture is not a ket sum
Procedure A prepares |+⟩ every time. Procedure B uses a fair classical coin to
prepare either |0⟩ or |1⟩. Both yield balanced Z results. But A yields X result +
with certainty, while B yields + and − equally often.
This is an operational distinction, not an interpretation dispute. Chapter 6 rep-
resents B by averaging density operators. Adding kets with classical probabili-
ties would introduce coherence that the preparation did not create.
A state is also not identical to a complete description of the apparatus. The
idealized qubit excludes leakage levels, fields controlling the system, and envi-
ronmental degrees of freedom. We later incorporate their effect using channels.
The simple model is useful because its assumptions can be stated and tested.

Laboratory L02 — State preparation. Edit both complex amplitudes. Inspect
the raw norm, normalized vector, complex arrows, and probabilities. Compare
coefficients (1, 1), (1, −1), and (1, 𝑖). Use different bases to distinguish them.

https://quantum-computing-2026.bensont.chatgpt.site/chapters/amplitudes/#lab-amplitudes
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2.6 Exercises

2.1. Find the conjugate, modulus squared, and reciprocal of 3 + 4𝑖.
Solution / guidance

They are 3 − 4𝑖, 25, and (3 − 4𝑖)/25. Multiply numerator and denominator by the
conjugate to obtain the reciprocal.

2.2. Normalize (2 − 𝑖)|0⟩ + (1 + 2𝑖)|1⟩ and calculate Z probabilities.
Solution / guidance

Each coefficient has modulus squared 5. Divide by
√

10; both probabilities are 1/2.
Keep the complex phases when changing basis.

2.3. Show that−𝛽∗|0⟩+𝛼∗|1⟩ is a normalized orthogonal partner of normalized
𝛼|0⟩ + 𝛽|1⟩.
Solution / guidance

Its norm squared is |𝛽|2 +|𝛼|2 = 1. Its overlap with the original ket is−𝛽𝛼+𝛼𝛽 =
0.

2.4. Compare (𝑖|0⟩ − |1⟩)/
√

2 with | + 𝑖⟩, and compare | + 𝑖⟩ with | − 𝑖⟩.
Solution / guidance

The first is 𝑖| + 𝑖⟩, so only global phase differs. The Y basis pair has overlap (1 +
(−𝑖)(−𝑖))/2 = 0 and is distinguishable in Y.

2.5. Derive |(1 + 𝑒𝑖𝜙)/2|2.
Solution / guidance

Multiply by the conjugate to obtain (2 + 𝑒𝑖𝜙 + 𝑒−𝑖𝜙)/4 = (1 + cos𝜙)/2. It ranges
from zero at 𝜙 = 𝜋 to one at 𝜙 = 0, modulo 2𝜋.

Further study. An operational, rigorous development of quantum states and
measurements is given by Watrous [4].



CHAPTER 3

Measurement and changes of
basis

Learning goals. Project a state onto an orthonormal basis, retain the conjuga-
tion and cancellations, calculate conditional states, and connect probabilities
to repeated experiments.

3.1 A basis specifies a question
An orthonormal basis {|𝑏0⟩, |𝑏1⟩} satisfies ⟨𝑏𝑗|𝑏𝑘⟩ = 𝛿𝑗𝑘. Projective measure-
ment in this basis gives

𝑝(𝑏𝑗) = |⟨𝑏𝑗|𝜓⟩|2.
For an ideal rank-one measurement, outcome 𝑏𝑗 leaves the system in |𝑏𝑗⟩ up
to global phase. The prior state determines probabilities; the observed result
determines the conditioned state afterward.
Writing |𝜓⟩ = 𝑐0|𝑏0⟩ + 𝑐1|𝑏1⟩ and multiplying by ⟨𝑏𝑗| gives 𝑐𝑗 = ⟨𝑏𝑗|𝜓⟩. A basis
change calculates new coordinates of the same vector. Physically applying a
gate changes the vector; a gate followed by Z measurement can implement a
different measurement basis.

3.2 One state, three full calculations
Our recurring example is

|𝜓⟩ = 2|0⟩ + 3𝑖|1⟩√
13 .

Its norm squared is

(2⟨0| − 3𝑖⟨1|)(2|0⟩ + 3𝑖|1⟩)
13 = 4 + 6𝑖(0) − 6𝑖(0) − 9𝑖2

13 = 4 + 9
13 = 1.

11
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3.2.1 Z basis

⟨0|𝜓⟩ = 2⟨0|0⟩ + 3𝑖⟨0|1⟩√
13

= 2(1) + 3𝑖(0)√
13 = 2√

13,

𝑝(0) = ( 2√
13)

∗
( 2√

13) = 4
13.

Similarly,

⟨1|𝜓⟩ = 2(0) + 3𝑖(1)√
13 = 3𝑖√

13,

𝑝(1) = (−3𝑖)(3𝑖)
13 = −9𝑖2

13 = 9
13.

3.2.2 X basis

⟨+|𝜓⟩ = (⟨0| + ⟨1|)(2|0⟩ + 3𝑖|1⟩)√
26

= 2⟨0|0⟩ + 3𝑖⟨0|1⟩ + 2⟨1|0⟩ + 3𝑖⟨1|1⟩√
26

= 2 + 0 + 0 + 3𝑖√
26 = 2 + 3𝑖√

26 .

The squared modulus is

𝑝(+) = (2 − 3𝑖)(2 + 3𝑖)
26 = 4 + 6𝑖 − 6𝑖 − 9𝑖2

26 = 13
26 = 1

2.

For the other outcome,

⟨−|𝜓⟩ = (⟨0| − ⟨1|)(2|0⟩ + 3𝑖|1⟩)√
26

= 2 + 0 − 0 − 3𝑖√
26 = 2 − 3𝑖√

26 ,

𝑝(−) = (2 + 3𝑖)(2 − 3𝑖)
26 = 1

2.
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3.2.3 Y basis
Forming the bra conjugates the imaginary coefficient:

⟨+𝑖| = ⟨0| − 𝑖⟨1|√
2

, ⟨−𝑖| = ⟨0| + 𝑖⟨1|√
2

.

Now expand, including the terms that vanish:

⟨+𝑖|𝜓⟩ = (⟨0| − 𝑖⟨1|)(2|0⟩ + 3𝑖|1⟩)√
26

= 2⟨0|0⟩ + 3𝑖⟨0|1⟩ − 2𝑖⟨1|0⟩ + (−𝑖)(3𝑖)⟨1|1⟩√
26

= 2 + 0 − 0 − 3𝑖2
√

26 = 5√
26,

𝑝(+𝑖) = 25
26.

For the negative outcome,

⟨−𝑖|𝜓⟩ = (⟨0| + 𝑖⟨1|)(2|0⟩ + 3𝑖|1⟩)√
26

= 2 + 0 + 0 + 3𝑖2
√

26 = − 1√
26,

𝑝(−𝑖) = (− 1√
26)

∗
(− 1√

26) = 1
26.

A negative amplitude is allowed; a negative probability is not. Each basis has
its own normalized distribution:

Basis First outcome Second outcome

Z 𝑝(0) = 4/13 𝑝(1) = 9/13
X 𝑝(+) = 1/2 𝑝(−) = 1/2
Y 𝑝(+𝑖) = 25/26 𝑝(−𝑖) = 1/26

Do not add all six probabilities. These are three different experimental choices
on freshly prepared copies.

Laboratory L03 — Projection workbench. Start with coefficients 2 and 3𝑖. Se-
lect Z, X, or Y; reveal the bra, expansion, cancellations, amplitude, and modulus
squared. Change the coefficients and sample a chosen number of shots.

https://quantum-computing-2026.bensont.chatgpt.site/chapters/measurement/#lab-basis
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3.3 General formulas and a sign check
For normalized 𝛼|0⟩ + 𝛽|1⟩,

𝑝(0) = |𝛼|2, 𝑝(1) = |𝛽|2,

𝑝(±) = |𝛼 ± 𝛽|2
2 = 1

2 ± Re(𝛼∗𝛽),

𝑝(±𝑖) = |𝛼 ∓ 𝑖𝛽|2
2 = 1

2 ± Im(𝛼∗𝛽).

Check the Y sign rather than memorizing it:

|𝛼 − 𝑖𝛽|2 = (𝛼∗ + 𝑖𝛽∗)(𝛼 − 𝑖𝛽) = |𝛼|2 + |𝛽|2 + 𝑖(𝛽∗𝛼 − 𝛼∗𝛽).
If 𝛼∗𝛽 = 𝑢 + 𝑖𝑣, the final term is 𝑖((𝑢 − 𝑖𝑣) − (𝑢 + 𝑖𝑣)) = 𝑖(−2𝑖𝑣) = 2𝑣. Divide
by two to obtain 1/2 + 𝑣. Real coefficients give balanced Y probabilities; an
imaginary relative coefficient need not.

3.4 Consecutive measurements
Prepare |+⟩, measure Z, then measure X. Z gives 0 or 1 equally often. Either
conditioned state has balanced X probabilities. Therefore

Pr(final +) = Pr(0)Pr(+ ∣ 0) + Pr(1)Pr(+ ∣ 1) = 1
2

1
2 + 1

2
1
2 = 1

2.

Without the intermediate Z measurement, the final X outcome would be + with
certainty. Ignoring a measurement record does not undo the physical interac-
tion.
For a projector 𝑃𝑚, possibly of higher rank,

𝑝(𝑚) = ⟨𝜓|𝑃𝑚|𝜓⟩, |𝜓𝑚⟩ = 𝑃𝑚|𝜓⟩
√𝑝(𝑚)

.

Only outcomes with 𝑝(𝑚) > 0 can be conditioned upon. A projector onto a
subspace can retain coherence inside that subspace. Parity checks in quantum
error correction exploit this fact.

3.5 Observables and expectation values
If outcomes have numerical values 𝑎𝑚, define 𝐴 = ∑𝑚 𝑎𝑚𝑃𝑚. Then
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⟨𝐴⟩ = ∑
𝑚

𝑎𝑚𝑝(𝑚) = ⟨𝜓|𝐴|𝜓⟩.

For Pauli Z, eigenvalues +1, −1 correspond to |0⟩, |1⟩. The ket label 0 is not an
eigenvalue zero. Our example gives ⟨𝑍⟩ = −5/13, ⟨𝑋⟩ = 0, and ⟨𝑌 ⟩ = 12/13.
Variance is ⟨𝐴2⟩ − ⟨𝐴⟩2. Each Pauli squares to identity, so Var(𝑍) = 1 − ⟨𝑍⟩2.
Incompatible observables lack a shared complete eigenbasis. Their uncertainty
is not merely a poorly calibrated detector.

Laboratory L04 — Measurement practice. Generate an integer-coefficient
state and requested outcome. Enter a fraction or decimal; request a hint or re-
veal the derivation step by step.

https://quantum-computing-2026.bensont.chatgpt.site/chapters/measurement/#lab-practice
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3.6 Exercises

3.1. Calculate all three-basis probabilities for (3|0⟩ + 4|1⟩)/5.
Solution / guidance

Z: 9/25, 16/25. X amplitudes: 7/(5
√

2), −1/(5
√

2), giving 49/50, 1/50. Y ampli-
tudes: (3 ∓ 4𝑖)/(5

√
2), giving 1/2, 1/2.

3.2. Replace 3𝑖 by −3𝑖 in the recurring example. What changes?
Solution / guidance

Z and X probabilities remain unchanged. The imaginary part of 𝛼∗𝛽 changes sign,
exchanging Y probabilities: 𝑝(+𝑖) = 1/26, 𝑝(−𝑖) = 25/26.

3.3. A Z measurement returns 1. What happens on an immediate repeated Z
measurement, and if X measurement is inserted?
Solution / guidance

The conditioned state is |1⟩, so direct repetition returns 1 with certainty. Inserting
X leaves |+⟩ or |−⟩; either gives final Z result 1 with probability 1/2.

3.4. Verify orthonormality of |𝑏0⟩ = cos 𝜂|0⟩ + sin 𝜂|1⟩ and |𝑏1⟩ = − sin 𝜂|0⟩ +
cos 𝜂|1⟩. Find 𝑝(𝑏0) for input |0⟩.
Solution / guidance

Both norms are one and the overlap is− cos 𝜂 sin 𝜂+sin 𝜂 cos 𝜂 = 0. The projection
is cos 𝜂, giving probability cos2 𝜂.

3.5. Find the shot-noise standard deviation of the observed +𝑖 fraction for the
recurring example in 2,600 shots.
Solution / guidance

√(25/26)(1/26)/2600 ≈ 0.00377. This describes independent sampling, not
preparation or measurement bias.



CHAPTER 4

Gates, observables, and the
Bloch sphere

Learning goals. Multiply gate matrices, distinguish active transformations
from coordinates, derive Bloch coordinates, and understand rotations and non-
commuting operations.

4.1 Matrices act on vectors
A matrix is determined by what it does to basis vectors. Its first column is the
output for |0⟩; its second is the output for |1⟩. Linearity then fixes the output
for every superposition:

𝑈(𝛼|0⟩ + 𝛽|1⟩) = 𝛼𝑈|0⟩ + 𝛽𝑈|1⟩.

For 𝑈 = (𝑎 𝑏
𝑐 𝑑) the result is (𝑎𝛼 + 𝑏𝛽)|0⟩ + (𝑐𝛼 + 𝑑𝛽)|1⟩. Every row forms

one output amplitude. A valid closed-system gate preserves all inner products,
so it satisfies 𝑈†𝑈 = 𝐼 . Such a matrix is unitary, with inverse 𝑈†.
The Pauli gates and Hadamard are

𝑋 = (0 1
1 0) , 𝑌 = (0 −𝑖

𝑖 0 ) , 𝑍 = (1 0
0 −1) ,

𝐻 = 1√
2

(1 1
1 −1) .

X swaps the amplitudes, Z changes their relative sign, and Y combines a swap
with phases. H maps |0⟩ to |+⟩ and |1⟩ to |−⟩. These matrices are Hermitian as
well as unitary; not every gate is Hermitian.
The phase gates are

𝑆 = (1 0
0 𝑖) , 𝑇 = (1 0

0 𝑒𝑖𝜋/4) , 𝑆 = 𝑇 2.

S has inverse 𝑆† = diag(1, −𝑖), not S itself.

17
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4.2 Gate order is matrix order in reverse time
If U acts first and V second, the output is 𝑉 𝑈|𝜓⟩. The rightmost matrix acts first.
A circuit is conventionally read left to right, which is why translating circuits
into matrix products requires care.
Worked example. Apply H to 𝛼|0⟩ + 𝛽|1⟩:

𝐻|𝜓⟩ = (𝛼 + 𝛽)|0⟩ + (𝛼 − 𝛽)|1⟩√
2

.

Applying H again gives

𝐻2|𝜓⟩ = (𝛼 + 𝛽 + 𝛼 − 𝛽)|0⟩ + (𝛼 + 𝛽 − 𝛼 + 𝛽)|1⟩
2 = 𝛼|0⟩ + 𝛽|1⟩.

The cancellations show 𝐻2 = 𝐼 . They also explain interference: the first H
creates alternatives, and the second recombines them.
By contrast, 𝑋𝑍 = −𝑍𝑋. For instance, 𝑋𝑍|0⟩ = |1⟩ but 𝑍𝑋|0⟩ = −|1⟩. The
minus sign is a global phase when these are complete single-qubit operations.
In controlled versions, a phase confined to one control branch becomes relative
and can matter. Never discard a phase before checking its role in a larger
circuit.

4.3 Implementing a measurement basis
To measure X with a Z detector, apply H first, because ⟨0|𝐻 = ⟨+| and ⟨1|𝐻 =
⟨−|. To measure Y, apply 𝑆† and then H, so the total matrix is 𝐻𝑆†:

⟨0|𝐻𝑆† = ⟨0| − 𝑖⟨1|√
2

= ⟨+𝑖|.

Using SH instead produces a different operation. Writing the bra of the actual
measurement is an effective way to verify a basis-rotation circuit.

4.4 Bloch coordinates from amplitudes
Remove a global phase so the first nonzero coefficient is real. Every pure qubit
can then be written

|𝜓⟩ = cos
𝜃
2|0⟩ + 𝑒𝑖𝜙 sin

𝜃
2|1⟩, 0 ≤ 𝜃 ≤ 𝜋.

Define 𝑥 = ⟨𝑋⟩, 𝑦 = ⟨𝑌 ⟩, and 𝑧 = ⟨𝑍⟩. Matrix multiplication gives
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𝑥 = 𝛼∗𝛽 + 𝛽∗𝛼 = 2Re(𝛼∗𝛽),
𝑦 = −𝑖𝛼∗𝛽 + 𝑖𝛽∗𝛼 = 2 Im(𝛼∗𝛽),

𝑧 = |𝛼|2 − |𝛽|2.
Substituting the angular form yields

(𝑥, 𝑦, 𝑧) = (sin 𝜃 cos𝜙, sin 𝜃 sin𝜙, cos 𝜃).
Its length is one. The north and south poles are |0⟩, |1⟩; the positive x and
y directions are |+⟩, | + 𝑖⟩. The sphere represents pure qubit states modulo
global phase, not the physical path or shape of a particle.
For (2|0⟩ + 3𝑖|1⟩)/

√
13,

(𝑥, 𝑦, 𝑧) = (0, 12/13, −5/13), 𝑥2 + 𝑦2 + 𝑧2 = (144 + 25)/169 = 1.
Thus equal X probabilities do not place the state at the sphere’s center. They
only imply its x coordinate is zero.

X : | + ⟩ Y : | + i⟩

Z : |0⟩

(0, 12/13, − 5/13)
|1⟩

Figure 4.1: Bloch coordinates and the three measurement axes.
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4.5 Rotations and generators
For a unit vector 𝑛, let 𝐴 = 𝑛𝑥𝑋 + 𝑛𝑦𝑌 + 𝑛𝑧𝑍. Since 𝐴2 = 𝐼 , the exponential
series separates into even and odd powers:

𝑒−𝑖𝜃𝐴/2 = 𝐼 cos(𝜃/2) − 𝑖𝐴 sin(𝜃/2).
This is 𝑅𝑛(𝜃), rotating the Bloch vector by angle 𝜃 about 𝑛. For example,

𝑅𝑦(𝜃) = (cos(𝜃/2) − sin(𝜃/2)
sin(𝜃/2) cos(𝜃/2) ) ,

𝑅𝑧(𝜃) = diag(𝑒−𝑖𝜃/2, 𝑒𝑖𝜃/2).
The half-angle is necessary: a 2𝜋 rotation gives −𝐼 , physically the same pure
state but a different vector representative. H corresponds to a half-turn about
(𝑥 + 𝑧)/

√
2, up to global phase; it is not simply a quarter-turn about y.

4.6 Observables and uncertainty
An observable is Hermitian: 𝐴† = 𝐴. Its eigenvalues are real, and its orthonor-
mal eigenvectors specify a projective measurement. A gate is unitary. Some
matrices, including the Paulis, serve both roles, but “apply Z” and “measure Z”
are different physical instructions.
The commutator is [𝐴, 𝐵] = 𝐴𝐵 − 𝐵𝐴. Since [𝑋, 𝑌 ] = 2𝑖𝑍, the uncertainty
relation gives Δ𝑋Δ𝑌 ≥ |⟨𝑍⟩|. In |0⟩, both X and Y outcomes are random, so
Δ𝑋 = Δ𝑌 = 1, saturating the bound. This is a statement about measurement
distributions across identically prepared copies.

Laboratory L05 — Bloch sphere and gates. Adjust 𝜃, 𝜙, rotate the view, and
apply H, X, Y, Z, S, or a rotation. Read all three expectations and basis probabilities.
Check the recurring example’s coordinates.

https://quantum-computing-2026.bensont.chatgpt.site/chapters/gates/#lab-bloch
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4.7 Exercises

4.1. Verify 𝐻𝑍𝐻 = 𝑋 using the matrix columns or its action on both basis
states.
Solution / guidance

𝐻|0⟩ = |+⟩, 𝑍|+⟩ = |−⟩, 𝐻|−⟩ = |1⟩. The other input maps to |0⟩. These outputs
are exactly X’s columns.

4.2. Calculate Z probabilities after 𝐻𝑆𝐻|0⟩.
Solution / guidance

The intermediate state is (|0⟩+𝑖|1⟩)/
√

2. The final amplitudes are (1+𝑖)/2, (1−𝑖)/2.
Each has squared modulus 2/4 = 1/2.

4.3. Find the Bloch coordinates of (|0⟩ + 𝑒𝑖𝜋/3|1⟩)/
√

2.
Solution / guidance

𝜃 = 𝜋/2, 𝜙 = 𝜋/3, so (𝑥, 𝑦, 𝑧) = (1/2,
√

3/2, 0).

4.4. Derive Z probabilities after 𝑅𝑦(𝜃)|0⟩ and verify normalization.
Solution / guidance

The state is cos(𝜃/2)|0⟩ + sin(𝜃/2)|1⟩. The probabilities are cos2(𝜃/2), sin2(𝜃/2)
and sum to one.

4.5. Why can a unitary not reset both |0⟩ and |1⟩ to |0⟩?
Solution / guidance

The input overlap is zero; the proposed output overlap is one. Reset is possible
as an open-system process that exports information, not as a unitary on the qubit
alone.



CHAPTER 5

Registers, circuits, and
entanglement

Learning goals. Expand tensor products, apply controlled gates, inspect cir-
cuit evolution, and distinguish product states from entangled states.

5.1 Tensor products build joint state spaces
For two qubits,

(𝛼|0⟩ + 𝛽|1⟩) ⊗ (𝛾|0⟩ + 𝛿|1⟩) = 𝛼𝛾|00⟩ + 𝛼𝛿|01⟩ + 𝛽𝛾|10⟩ + 𝛽𝛿|11⟩.
The joint amplitudes multiply for a product preparation. Our vector order is
|00⟩, |01⟩, |10⟩, |11⟩, with 𝑞0 on the left. An arbitrary two-qubit pure state is

|𝜓⟩ = 𝑎|00⟩ + 𝑏|01⟩ + 𝑐|10⟩ + 𝑑|11⟩,
with |𝑎|2 + |𝑏|2 + |𝑐|2 + |𝑑|2 = 1. Not every such state factors.
For matrices, 𝐴 ⊗ 𝐵 replaces each entry 𝑎𝑗𝑘 of A by the block 𝑎𝑗𝑘𝐵. Conse-
quently 𝐴 ⊗ 𝐼 acts on the left qubit and 𝐼 ⊗ 𝐴 on the right. The dimension dou-
bles per qubit; a general 𝑛-qubit pure state has 2𝑛 complex amplitudes. This is
the memory cost of a particular classical representation, not an accessible list
of classical data inside a quantum register.

5.2 Controlled operations
A controlled-U with the left qubit controlling is

𝐶(𝑈) = |0⟩⟨0| ⊗ 𝐼 + |1⟩⟨1| ⊗ 𝑈.
For CNOT,

|00⟩ ↦ |00⟩, |01⟩ ↦ |01⟩, |10⟩ ↦ |11⟩, |11⟩ ↦ |10⟩.
A control in superposition does not perform a classical random choice. Linearity
applies the correct transformation to each branch while retaining coherence.

22
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Worked Bell preparation. Begin in |00⟩:

|00⟩ 𝐻⊗𝐼−−−→ |00⟩ + |10⟩√
2

CNOT−−−→ |00⟩ + |11⟩√
2

= |Φ+⟩.

The circuit has two nonzero final amplitudes. Z measurements always agree,
with 00 and 11 each occurring half the time.

q0 : |0⟩

q1 : |0⟩
|Φ+ ⟩

H

Figure 5.1: Bell-state preparation, with the top wire as the most significant
qubit.

5.3 How to recognize entanglement
If the state factors, its coefficients obey 𝑎 = 𝛼𝛾, 𝑏 = 𝛼𝛿, 𝑐 = 𝛽𝛾, 𝑑 = 𝛽𝛿,
hence 𝑎𝑑 − 𝑏𝑐 = 0. Conversely a nonzero 2 × 2 coefficient matrix (𝑎 𝑏

𝑐 𝑑) with

determinant zero has rank one and factors as an outer product. Therefore a
normalized two-qubit pure state is a product state exactly when 𝑎𝑑 − 𝑏𝑐 = 0.
For |Φ+⟩, 𝑎𝑑 − 𝑏𝑐 = 1/2, so it is entangled. A useful pure-state measure is
concurrence

𝐶 = 2|𝑎𝑑 − 𝑏𝑐|,
which ranges from zero for products to one for maximally entangled pairs. This
formula does not apply unchanged to a mixed two-qubit state.
The family

|𝜓(𝜃, 𝜙)⟩ = cos 𝜃|00⟩ + 𝑒𝑖𝜙 sin 𝜃|11⟩
is a product at 𝜃 = 0, 𝜋/2 and maximally entangled at 𝜃 = 𝜋/4. Its Z statistics
do not depend on 𝜙, but correlations in other bases do.
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5.4 Measuring part of a register
For 𝑎|00⟩+𝑏|01⟩+𝑐|10⟩+𝑑|11⟩, measuring the first qubit gives 0with probability
|𝑎|2 + |𝑏|2. The conditioned state is

𝑎|00⟩ + 𝑏|01⟩
√|𝑎|2 + |𝑏|2

.

We sum probabilities over unresolved, orthogonal alternatives. We do not add
𝑎 + 𝑏 before squaring because the second-qubit states remain distinguishable.
Worked example. Consider

|𝜒⟩ = |00⟩ + 2𝑖|01⟩ + 2|10⟩
3 .

The norm squared is (1 + 4 + 4)/9 = 1. Measuring the first qubit yields
𝑝(0) = 5/9 and 𝑝(1) = 4/9. Conditioned on 0, the state is (|00⟩ + 2𝑖|01⟩)/

√
5;

conditioned on 1 it is |10⟩. The conditional probability of right-qubit result 1 in
the first branch is 4/5, so the joint probability is (5/9)(4/5) = 4/9.

5.5 Circuit semantics
A wire represents a subsystem, not a trajectory. A box is a specified gate; a
vertical line connects controls and targets; measurement produces a classical
record. Disjoint gates commute, but operations on a common subsystem may
not.
The laboratory lets you append gates, remove or reorder operations, step
through state-vector evolution, and sample a final computational measurement.
A mid-circuit measurement creates a trajectory conditioned on a sampled
record. Repeating such a circuit must resample the measurement on each
shot. Sampling a single collapsed trajectory repeatedly would give the wrong
unconditional distribution.
Classical feed-forward means a recorded bit chooses a later operation. In tele-
portation, this is essential. Coherently controlling a gate with a qubit and clas-
sically controlling it with a measurement result are related but distinct imple-
mentations.

Laboratory L06 — Circuit workbench. Build circuits with up to eight qubits.
Apply single-qubit, controlled, swap, and measurement operations. Step through
the actual amplitudes; change shots and seed; export the circuit. Prepare a Bell
state, undo it, then insert a measurement before the undo operation.

https://quantum-computing-2026.bensont.chatgpt.site/chapters/registers/#lab-circuit
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5.6 Entanglement does not guarantee computational dif-
ficulty

Some highly entangled states have compact descriptions. Bell pairs, GHZ
states, and many stabilizer states can be simulated efficiently using special-
ized classical representations. Entanglement is important, but “entangled”
is not synonymous with “beyond classical simulation.” Chapter 16 compares
representations and the structures that make each effective.
The same caution applies to qubit counts. A thousand independent qubits may
be easier to simulate than a much smaller generic entangled circuit. A useful re-
source statement must identify state structure, allowed gates, and the required
output.
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5.7 Exercises

5.1. Expand |+⟩ ⊗ | − 𝑖⟩.
Solution / guidance

The amplitudes in our order are (1, −𝑖, 1, −𝑖)/2. The squared moduli are all 1/4;
the determinant of the coefficient matrix is zero.

5.2. Is (|00⟩ + |01⟩ + |10⟩ − |11⟩)/2 entangled?
Solution / guidance

𝑎𝑑 − 𝑏𝑐 = −1/4 − 1/4 = −1/2, so concurrence is one. Equal measurement proba-
bilities alone do not distinguish it from a product state.

5.3. Calculate CNOT applied to |+⟩|+⟩.
Solution / guidance

CNOT permutes the four equal amplitudes, leaving the state unchanged. A two-
qubit entangling gate need not entangle every input.

5.4. Starting with |Φ+⟩, apply CNOT and then H on the first qubit.
Solution / guidance

CNOT gives (|00⟩ + |10⟩)/
√

2 = |+⟩|0⟩; H then gives |00⟩. The Bell-preparation
circuit is reversed.

5.5. Explain why a left-qubit measurement probability is |𝑎|2 +|𝑏|2, not |𝑎+𝑏|2.
Solution / guidance

The projector is |0⟩⟨0| ⊗ 𝐼 . The surviving vector is 𝑎|00⟩ + 𝑏|01⟩, whose norm has
cross terms proportional to ⟨0|1⟩ = 0 on the right subsystem.



CHAPTER 6

Density matrices and
subsystems

Learning goals. Represent mixtures, calculate partial traces, test physical
density matrices, and use entropy and fidelity with explicit conventions.

6.1 The density operator
For a pure state, define 𝜌 = |𝜓⟩⟨𝜓|. If |𝜓⟩ = 𝛼|0⟩ + 𝛽|1⟩, then

𝜌 = (|𝛼|2 𝛼𝛽∗

𝛽𝛼∗ |𝛽|2) .

For a preparation choosing states |𝜓𝑗⟩ with classical probabilities 𝑝𝑗,

𝜌 = ∑
𝑗

𝑝𝑗|𝜓𝑗⟩⟨𝜓𝑗|.

This is an average of outer products, not an average ket. A valid density
operator is Hermitian, positive semidefinite, and trace one. Positivity means
⟨𝑣|𝜌|𝑣⟩ ≥ 0 for all vectors. The eigenvalues are probabilities in an eigenstate
mixture.
The Born rule and unitary evolution become

𝑝(𝑚) = Tr(𝑃𝑚𝜌), 𝜌 ⟼ 𝑈𝜌𝑈†.
The trace identity Tr(𝐴𝐵) = Tr(𝐵𝐴) explains why the formula agrees with
⟨𝜓|𝑃𝑚|𝜓⟩ for a pure state.

6.2 Coherence is basis dependent
Compare

𝜌+ = |+⟩⟨+| = 1
2 (1 1

1 1) , 𝜌mix = 1
2|0⟩⟨0| + 1

2|1⟩⟨1| = 1
2 (1 0

0 1) .

27
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Both have Z probabilities 1/2, 1/2. But Tr(|+⟩⟨+|𝜌+) = 1, while the same
expression for themixture is 1/2. The off-diagonal terms in the Z representation
encode coherence between the Z alternatives.
The mixture has many ensemble decompositions: 𝐼/2 = (|+⟩⟨+| + |−⟩⟨−|)/2
as well. No local measurement can reveal which of these preparation stories oc-
curred if only the density operator is available. A density operator summarizes
the statistics, not a unique hidden list of constituent pure states [4].

6.3 Bloch ball and purity
Every qubit density operator has the form

𝜌 = 𝐼 + 𝑥𝑋 + 𝑦𝑌 + 𝑧𝑍
2 = 1

2 ( 1 + 𝑧 𝑥 − 𝑖𝑦
𝑥 + 𝑖𝑦 1 − 𝑧 ) .

Its eigenvalues are (1 ± 𝑟)/2, where 𝑟 = √𝑥2 + 𝑦2 + 𝑧2. Positivity requires
𝑟 ≤ 1. Pure states lie on the sphere; mixed states lie inside the ball. The center
is 𝐼/2, which is not a pure state with zero amplitudes.
Purity is

Tr(𝜌2) = 1 + 𝑟2

2 .

It equals one exactly for pure states. For a general 𝐷-dimensional system it
lies between 1/𝐷 and one. Purity alone does not characterize every aspect of
a state’s usefulness.

6.4 Partial trace: forgetting access, not measuring a hid-
den value

Let |Ψ⟩ = ∑𝑎,𝑏 𝑐𝑎𝑏|𝑎⟩𝐴|𝑏⟩𝐵. The state available to A is

𝜌𝐴 = Tr𝐵 |Ψ⟩⟨Ψ|, (𝜌𝐴)𝑎𝑎′ = ∑
𝑏

𝑐𝑎𝑏𝑐∗
𝑎′𝑏.

Derive this by expanding the joint outer product:

𝜌𝐴𝐵 = ∑
𝑎,𝑏,𝑎′,𝑏′

𝑐𝑎𝑏𝑐∗
𝑎′𝑏′|𝑎⟩⟨𝑎′| ⊗ |𝑏⟩⟨𝑏′|.

The trace of |𝑏⟩⟨𝑏′| is 𝛿𝑏𝑏′, which eliminates terms with different environment
indices. We sum matching indices, not all entries of the matrix.
For a Bell pair,
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𝜌𝐴𝐵 = 1
2(|00⟩⟨00| + |00⟩⟨11| + |11⟩⟨00| + |11⟩⟨11|).

The two cross terms vanish under Tr𝐵 because Tr(|0⟩⟨1|) = 0. Hence 𝜌𝐴 = 𝐼/2.
The joint state is pure, but each subsystem is mixed. A local mixed state need
not reflect ordinary ignorance about an independently existing local pure state.
Worked partial trace. For |𝜒⟩ = (|00⟩ + 2𝑖|01⟩ + 2|10⟩)/3,

𝜌𝐴 = 1
9 (5 2

2 4) , 𝜌𝐵 = 1
9 ( 5 −2𝑖

2𝑖 4 ) .

For example (𝜌𝐴)01 = 𝑐00𝑐∗
10 + 𝑐01𝑐∗

11 = (1/3)(2/3) + (2𝑖/3)(0) = 2/9. Their
purities both equal (25+4+4+16)/81 = 49/81, as required for the reductions
of a bipartite pure state.

Laboratory L07 — Entanglement and partial trace. Edit all four complex am-
plitudes of two qubits. Inspect both reduced matrices, their Bloch vectors, purity,
entropy, and pure-state concurrence. Compare a Bell state with a product having
the same Z distribution on each subsystem.

6.5 Schmidt coefficients and entropy
The singular-value decomposition of the coefficient matrix gives the Schmidt
form

|Ψ⟩ = ∑
𝑗

√𝜆𝑗|𝑢𝑗⟩𝐴|𝑣𝑗⟩𝐵, 𝜆𝑗 ≥ 0, ∑
𝑗

𝜆𝑗 = 1.

The 𝜆𝑗 are the nonzero eigenvalues of both reduced density matrices. One
nonzero Schmidt coefficient means a product state. More than one means en-
tanglement for a pure joint state.
Von Neumann entropy is 𝑆(𝜌) = − Tr(𝜌 log2 𝜌) = − ∑𝑗 𝜆𝑗 log2 𝜆𝑗. For a bi-
partite pure state, 𝑆(𝜌𝐴) = 𝑆(𝜌𝐵) quantifies entanglement. For a mixed joint
state, local entropy alone is not an entanglement measure. A classically corre-
lated mixture of 00 and 11 also has locally maximally mixed states.

6.6 Distinguishability and generalized measurements
Our fidelity convention is the squared convention:

𝐹(𝜌, 𝜎) = (Tr√√𝜌 𝜎√𝜌)
2

.

https://quantum-computing-2026.bensont.chatgpt.site/chapters/density/#lab-entanglement
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For two pure states it is |⟨𝜓|𝜙⟩|2. Some papers use its square root; compare
definitions before comparing numbers. Trace distance is 𝐷(𝜌, 𝜎) = 1

2‖𝜌 − 𝜎‖1,
where the trace norm sums singular values. It bounds the difference in proba-
bility assigned to any measurement event.
A generalized measurement, or POVM, consists of positive operators 𝐸𝑚
summing to I, with 𝑝(𝑚) = Tr(𝐸𝑚𝜌). Effects specify outcome probabilities,
but not the full postmeasurement state. For that one needs measurement
operators 𝑀𝑚 or an instrument, with 𝐸𝑚 = 𝑀†

𝑚𝑀𝑚 and conditioned state
𝑀𝑚𝜌𝑀†

𝑚/𝑝(𝑚). Several instruments can realize the same POVM.
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6.7 Exercises

6.1. Find 𝜌 for the recurring single-qubit example.
Solution / guidance

𝜌 = 1
13 ( 4 −6𝑖

6𝑖 9 ). Its determinant is (36 − 36)/169 = 0, trace one, and purity
one.

6.2. Is (1/2 3/4
3/4 1/2) physical?

Solution / guidance

No. It is Hermitian with trace one, but eigenvalues are 5/4, −1/4. Positivity is a
separate requirement.

6.3. Reduce √3/4|00⟩ + √1/4|11⟩.
Solution / guidance

Each reduction is diag(3/4, 1/4), purity 5/8, and entropy ℎ2(1/4) ≈ 0.8113 bits.
The off-diagonal joint terms vanish under the trace.

6.4. Explain why a locally maximally mixed state does not prove joint entangle-
ment.
Solution / guidance

Both the Bell state and the separable mixture (|00⟩⟨00|+|11⟩⟨11|)/2 have reduction
𝐼/2. Joint coherences or correlations in additional bases are needed.

6.5. Calculate fidelity of |0⟩ with |+⟩, and of |0⟩ with 𝐼/2.
Solution / guidance

Both equal 1/2 in the squared convention. Fidelity with a pure target is ⟨0|𝜌|0⟩.



CHAPTER 7

Bell correlations, teleportation,
and dense coding

Learning goals. Derive the CHSH bound, distinguish correlation from sig-
nalling, and track the resources and corrections in two communication proto-
cols.

7.1 No-cloning and no-signalling
Suppose a unitary cloned arbitrary states: 𝑈|𝜓⟩|0⟩ = |𝜓⟩|𝜓⟩ and likewise for
|𝜙⟩. Preserving the input overlap requires

⟨𝜙|𝜓⟩ = (⟨𝜙|𝜓⟩)2.
An overlap strictly between zero and one cannot satisfy this. Thus an unknown
arbitrary state cannot be copied perfectly. Orthogonal labels can be copied; the
theorem does not prohibit ordinary classical copying [5].
Entanglement also cannot transmit a chosen bit without communication. For a
local trace-preserving channel on B with Kraus operators 𝐾𝑗,

𝜌′
𝐴 = Tr𝐵 ∑

𝑗
(𝐼 ⊗ 𝐾𝑗)𝜌𝐴𝐵(𝐼 ⊗ 𝐾†

𝑗 ) = 𝜌𝐴,

because ∑𝑗 𝐾†
𝑗 𝐾𝑗 = 𝐼 . A conditioned state at A may depend on B’s result, but

A needs B’s classical record to identify that subensemble.

7.2 CHSH from four local answers
Alice chooses setting 𝑎 or 𝑎′, Bob chooses 𝑏 or 𝑏′, and each outputs ±1. In a
local hidden-variable model, fix the hidden variable and write predetermined
responses 𝐴, 𝐴′, 𝐵, 𝐵′ ∈ {±1}. Then

𝐴𝐵 + 𝐴𝐵′ + 𝐴′𝐵 − 𝐴′𝐵′ = 𝐴(𝐵 + 𝐵′) + 𝐴′(𝐵 − 𝐵′).
Either 𝐵 = 𝐵′ or 𝐵 = −𝐵′. Exactly one parenthesis is zero and the other is
±2, so the expression is always ±2. Averaging gives

32
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|𝑆| = |𝐸(𝑎, 𝑏) + 𝐸(𝑎, 𝑏′) + 𝐸(𝑎′, 𝑏) − 𝐸(𝑎′, 𝑏′)| ≤ 2.
Stochastic local responses can be included in the hidden variable, so the bound
remains. The assumptions include independent setting choices and an appro-
priate separation of local responses; a classical simulation programmed with
quantum probabilities is not an experimental test of these assumptions [6, 7].
For |Φ+⟩ and observables 𝐴(𝜃) = cos 𝜃𝑍 + sin 𝜃𝑋, one obtains 𝐸(𝑎, 𝑏) =
cos(𝑎 − 𝑏). Choose 𝑎 = 0, 𝑎′ = 𝜋/2, 𝑏 = 𝜋/4, 𝑏′ = −𝜋/4:

𝑆 = 1√
2

+ 1√
2

+ 1√
2

− (− 1√
2

) = 2
√

2.

The joint probabilities are 𝑝(𝑠, 𝑡 ∣ 𝑎, 𝑏) = (1 + 𝑠𝑡 cos(𝑎 − 𝑏))/4. Summing over
t gives 𝑝(𝑠) = 1/2, independent of Bob’s setting. Strong correlations coexist
with no signalling.

Laboratory L08 — CHSH experiment. Change all four measurement angles,
visibility, shots per setting, and seed. Compare exact and sampled correlations
and S. Visibility models 𝜌 = 𝑣|Φ+⟩⟨Φ+| + (1 − 𝑣)𝐼/4, not a hardware calibration.

7.3 Teleportation: move a state using shared entangle-
ment

Alice owns input |𝜓⟩ = 𝛼|0⟩ + 𝛽|1⟩ and one half of a Bell pair; Bob owns the
other half. Order the wires as input, Alice’s Bell half, Bob’s half. The initial
state is

1√
2

(𝛼|000⟩ + 𝛼|011⟩ + 𝛽|100⟩ + 𝛽|111⟩).

Alice applies CNOT from the input to her Bell half, then H to the input. Grouping
by Alice’s two measurement bits gives

1
2[|00⟩(𝛼|0⟩ + 𝛽|1⟩) + |01⟩(𝛼|1⟩ + 𝛽|0⟩)

+|10⟩(𝛼|0⟩ − 𝛽|1⟩) + |11⟩(𝛼|1⟩ − 𝛽|0⟩)].
Each bracket has norm one, so every two-bit outcome has probability 1/4, in-
dependent of the input. Bob’s conditioned state is 𝑋𝑏𝑍𝑎|𝜓⟩, where a is Alice’s
first bit and b her second. He corrects by applying X when 𝑏 = 1, then Z when
𝑎 = 1: the total correction is 𝑍𝑎𝑋𝑏.

https://quantum-computing-2026.bensont.chatgpt.site/chapters/protocols/#lab-chsh
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Alice’s bits ab Bob before correction Operations in time order

00 |𝜓⟩ None
01 𝑋|𝜓⟩ X
10 𝑍|𝜓⟩ Z
11 𝑋𝑍|𝜓⟩ X, then Z

For branch 11, (𝑍𝑋)(𝑋𝑍) = 𝐼 . Reversing correction order only adds a branch-
global minus sign, but consistent conventions make the derivation transparent.

q0 : |ψ⟩

q1 : |0⟩

q2 : |0⟩

b

a

|ψ⟩

H

H MZ

MZ

Xb Za

Figure 7.1: Teleportation with two classical feed-forward bits.

No copy remains at Alice. The protocol consumes shared entanglement and two
classical bits. Bob cannot use it for instantaneous messaging: before receiving
a and b, his averaged state is 𝐼/2. The original protocol is due to Bennett and
collaborators [8].

Laboratory L09 — Teleportation. Prepare an arbitrary input, inspect all four
branches, disable either correction, and compare the output fidelity with the orig-
inal state.

7.4 Superdense coding: the complementary resource
trade

Alice and Bob first share |Φ+⟩. Alice encodes two classical bits a,b by applying
X when 𝑏 = 1, then Z when 𝑎 = 1 to her qubit. This gives four orthogonal Bell
states up to phase. She then physically sends her qubit to Bob.
Bob applies CNOT from Alice’s qubit to his, then H to Alice’s qubit. A Zmeasure-
ment returns ab exactly. One transmitted qubit carries two selected classical
bits given an already shared Bell pair. The prior entanglement is a consumed
resource; ignoring its distribution would misstate the communication cost [9].

https://quantum-computing-2026.bensont.chatgpt.site/chapters/protocols/#lab-teleport
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Laboratory L10 — Dense coding. Select a two-bit message, inspect the encoded
Bell state, and run the decoding circuit. Compare the sender’s reduced state for
all four messages.

7.5 Exercises

7.1. For the noisy Bell model, determine the visibility needed to violate CHSH
with optimal angles.

Solution / guidance

𝑆 = 2
√

2𝑣. Violation requires 𝑣 > 1/
√

2 ≈ 0.7071. Failure to violate this particular
inequality does not by itself prove separability.

7.2. Why is Alice’s teleportation record independent of 𝛼, 𝛽?
Solution / guidance

Each branch is a unitary image of the normalized input multiplied by 1/2, hence has
probability 1/4. Two classical bits cannot reveal the continuous input amplitudes.

7.3. Teleport | + 𝑖⟩ and condition on ab=01. Show the correction.
Solution / guidance

Bob has 𝑋| + 𝑖⟩ = (𝑖|0⟩ + |1⟩)/
√

2. Applying X again returns | + 𝑖⟩, since 𝑋2 = 𝐼 .

7.4. Dense-code message 11. Find the encoded state and final output.
Solution / guidance

X on Alice produces (|10⟩ + |01⟩)/
√

2. Z gives (−|10⟩ + |01⟩)/
√

2. CNOT and H
produce |11⟩ up to an irrelevant overall phase.

7.5. Does an arbitrarily large sample of one local half of Bell pairs reveal the
distant party’s basis choice?
Solution / guidance

No. Every local copy has density matrix 𝐼/2 regardless of a trace-preserving distant
operation. Joint records reveal correlations only after communication.

https://quantum-computing-2026.bensont.chatgpt.site/chapters/protocols/#lab-dense


CHAPTER 8

Noise channels, measurement
data, and mitigation

Learning goals. Evolve density matrices with Kraus operators, distinguish
noise conventions, estimate observables, and identify mitigation’s bias and sam-
pling costs.

8.1 Open-system dynamics
A closed joint system evolves unitarily, but a subsystem interacting with an
unobserved environment generally does not. For an initially uncorrelated sys-
tem and environment, tracing out the environment gives a completely positive
trace-preserving map:

ℰ(𝜌) = ∑
𝑗

𝐾𝑗𝜌𝐾†
𝑗 , ∑

𝑗
𝐾†

𝑗 𝐾𝑗 = 𝐼.

The second equation preserves the trace. Complete positivity means positiv-
ity remains even when the system is part of a larger entangled state. Merely
mapping isolated positive matrices to positive matrices is not enough.
Kraus representations are not unique. The operators can be interpreted
through an environment measurement in a chosen dilation, but an arbitrary
Kraus index should not be treated as a directly observed physical error. Con-
ditioning on an actual record and averaging over unobserved records are
different operations.

8.2 Three channels with explicit conventions
The phase-flip channel is

ℰ𝑍(𝜌) = (1 − 𝑝)𝜌 + 𝑝𝑍𝜌𝑍.
It leaves populations unchanged and multiplies off-diagonal entries by 1 − 2𝑝.
Thus complete dephasing occurs at 𝑝 = 1/2, not at 𝑝 = 1. At 𝑝 = 1 it is a
deterministic Z gate. A different convention writes coherence decay as 1 − 𝜆;
these parameters must not be interchanged.

36
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We define depolarization by

𝒟𝑝(𝜌) = (1 − 𝑝)𝜌 + 𝑝𝐼/2, 0 ≤ 𝑝 ≤ 1.
It shrinks the Bloch vector by 1 − 𝑝. Equivalently,

𝒟𝑝(𝜌) = (1 − 3𝑝/4)𝜌 + 𝑝
4(𝑋𝜌𝑋 + 𝑌 𝜌𝑌 + 𝑍𝜌𝑍).

Here the probability of a nonidentity Pauli in this representation is 3𝑝/4. Some
packages call that total probability p instead. Always inspect the implemented
equation.
Amplitude damping models relaxation from |1⟩ toward |0⟩:

𝐾0 = (1 0
0 √1 − 𝛾) , 𝐾1 = (0 √𝛾

0 0 ) .

For 𝜌 = ( 𝑎 𝑐
𝑐∗ 𝑏),

𝒜𝛾(𝜌) = ( 𝑎 + 𝛾𝑏 √1 − 𝛾 𝑐√1 − 𝛾 𝑐∗ (1 − 𝛾)𝑏) .

The trace remains 𝑎 + 𝑏 = 1. The map is not unital: it sends 𝐼/2 toward a
state biased to |0⟩. In an exponential relaxation model, 𝛾 = 1 − 𝑒−𝑡/𝑇1. Coher-
ence time 𝑇2 also includes dephasing; under the usual independent Markovian
model, 1/𝑇2 = 1/(2𝑇1) + 1/𝑇𝜙. These are model-specific time constants, not
interchangeable gate fidelities.
Worked example. Apply damping with 𝛾 = 1/4 to |+⟩:

𝜌′ = ( 5/8
√

3/4√
3/4 3/8 ) .

Its Bloch vector is (
√

3/2, 0, 1/4), with squared length 13/16 and purity 29/32.
Both the population shift and coherence reduction matter.

Laboratory L11 — Density-matrix noise. Choose a pure input, optionally mix
it with 𝐼/2, then apply bit flip, phase flip, depolarization, or amplitude damping.
Inspect the full output matrix, Bloch vector, eigenvalues, and purity.

https://quantum-computing-2026.bensont.chatgpt.site/chapters/channels/#lab-noise


QUANTUM COMPUTING / 2026 38

8.3 Noise is not always an independent coin flip
A coherent overrotation applies 𝑅𝑧(𝜖) every time. After L repetitions, it is
𝑅𝑧(𝐿𝜖), so errors may add coherently. An independent stochastic phase-flip
channel combines differently. Crosstalk, leakage out of the qubit subspace,
slow drift, loss, and correlated events require richer models.
Replacing coherent noise by a Pauli model can simplify simulation but change
the prediction. Pauli twirling is a physical or mathematical averaging opera-
tion with specific assumptions, not proof that the original noise was already
stochastic.

8.4 Estimating observables and states
A Pauli measurement yields values ±1. With N independent shots and sample
mean ̂𝐸,

Var( ̂𝐸) = 1 − 𝐸2

𝑁 .

For 𝐻 = ∑𝑗 ℎ𝑗𝑃𝑗, estimate each Pauli expectation and sum. If independently

sampled, the energy estimator variance is ∑𝑗 ℎ2
𝑗 Var( ̂𝐸𝑗). Commuting terms

may share measurement settings, in which case covariance must be included.
Single-qubit tomography estimates x,y,z from separate basis samples and forms

̂𝜌 = (𝐼 + ̂𝑥𝑋 + ̂𝑦𝑌 + ̂𝑧𝑍)/2. Finite data can yield a vector outside the Bloch
ball, making the naive estimate nonphysical. Constrained estimation can en-
force positivity, but introduces statistical choices that should be reported. Full
generic n-qubit tomography requires exponentially many parameters; special
assumptions can reduce the task.

8.5 Error mitigation is an estimator strategy
Error correction protects encoded quantum information during a computation.
Error mitigation combines noisy experiments and classical inference to esti-
mate an ideal quantity. Mitigation need not output a protected quantum state
and may incur severe sampling costs [10].
For zero-noise extrapolation, assume an observable varies smoothly with a con-
trollable effective noise strength:

𝐸(𝜆) = 𝐸0 + 𝑐1𝜆 + 𝑐2𝜆2 + ⋯ .
Measurements at 𝜆 and 2𝜆 give

2𝐸(𝜆) − 𝐸(2𝜆) = 𝐸0 − 2𝑐2𝜆2 + ⋯ .
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The leading linear bias cancels. But for independent estimates,

Var(2 ̂𝐸1 − ̂𝐸2) = 4Var( ̂𝐸1) + Var( ̂𝐸2).
With comparable input variances, this is five times one estimate’s variance. A
quadratic combination 3𝐸(𝜆) − 3𝐸(2𝜆) + 𝐸(3𝜆) has still larger coefficient-
squared cost. Extrapolations can lie outside [−1, 1]; clipping changes the es-
timator and its bias.
Probabilistic error cancellation represents an inverse noise operation with
signed weights. The absolute-weight sum drives sampling overhead, often
growing rapidly with circuit size. Readout mitigation inverts or fits a cali-
brated classical assignment model and can amplify statistical errors when that
model is ill-conditioned. None provides a free route to arbitrary-depth ideal
computation.

Laboratory L12—Bias and variance. Use the statedmodel𝐸(𝜆) = 𝑒−𝜆, sample
three noise levels, and compare raw, linear, and quadratic estimates. Change noise,
shots, and seed. The model’s ideal value is known so bias can be measured.

https://quantum-computing-2026.bensont.chatgpt.site/chapters/channels/#lab-mitigation
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8.6 Exercises

8.1. What does the phase-flip channel do to |+⟩ at 𝑝 = 0, 1/2, 1?
Solution / guidance

It yields |+⟩⟨+|, 𝐼/2, and |−⟩⟨−|. Purity decreases and then increases; the pa-
rameter is a flip probability, not monotone decoherence strength over the whole
interval.

8.2. Verify 𝐾†
0𝐾0 + 𝐾†

1𝐾1 = 𝐼 for amplitude damping.
Solution / guidance

The two terms are diag(1, 1 − 𝛾) and diag(0, 𝛾), whose sum is identity.

8.3. Find the depolarized state and purity of an initially pure qubit for 𝑝 = 0.2.
Solution / guidance

Its Bloch vector is shortened to length 0.8. Purity is (1 + 0.64)/2 = 0.82; eigenval-
ues are 0.9 and 0.1.

8.4. Two independent expectation estimates each have variance 0.001. Find
the linear extrapolation variance.
Solution / guidance

4(0.001)+0.001 = 0.005, with standard deviation
√

0.005 ≈ 0.0707. Reduced bias
does not guarantee smaller total mean-squared error.

8.5. Why must a tomography estimate with (𝑥, 𝑦, 𝑧) = (0.8, 0.8, 0.3) be re-
paired or reconsidered?
Solution / guidance

Its squared radius is 0.64 + 0.64 + 0.09 = 1.37 > 1. One eigenvalue is negative.
Sampling fluctuations, inconsistent data, or model errors must be addressed rather
than interpreting it as a physical state.



CHAPTER 9

Oracle algorithms: Deutsch,
Deutsch–Jozsa, and
Bernstein–Vazirani

Learning goals. Define a reversible oracle, derive phase kickback, and com-
pare three algorithms without confusing query complexity with runtime.

9.1 A black box is an explicit resource assumption
For a Boolean function 𝑓 ∶ {0, 1}𝑛 → {0, 1}, the standard oracle is

𝑈𝑓 |𝑥⟩|𝑦⟩ = |𝑥⟩|𝑦 ⊕ 𝑓(𝑥)⟩.
It preserves x and is reversible even when f is not. An oracle problem counts
calls to this operation as units. A physical implementation must still compute
f coherently, route its controls, and uncompute temporary work. A black-box
separation can teach a mechanism without being a practical application.
Prepare the target in |−⟩ = (|0⟩ − |1⟩)/

√
2. Since 𝑋|−⟩ = −|−⟩,

𝑈𝑓 |𝑥⟩|−⟩ = |𝑥⟩|𝑓(𝑥)⟩ − |𝑥⟩|1 ⊕ 𝑓(𝑥)⟩√
2

= (−1)𝑓(𝑥)|𝑥⟩|−⟩.
The target returns to the same state and the phase appears on the input branch.
This phase kickback implements 𝑂𝑓 |𝑥⟩ = (−1)𝑓(𝑥)|𝑥⟩.

9.2 Deutsch’s one-bit problem
There are four one-bit Boolean functions. Two are constant; two are balanced.
The task is to determine 𝑓(0) ⊕ 𝑓(1). One classical deterministic query cannot
distinguish a constant function from a balanced one agreeing at the queried
input.
Prepare |+⟩|−⟩, query, and apply H to the first qubit. Ignoring the unchanged
target,
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|0⟩⊗n

|1⟩
Uf

| − ⟩

H⊗n

H

H⊗n MZ

Figure 9.1: A shared circuit pattern for the three oracle algorithms. The work
qubit begins in 1 and becomes minus after H; the reversible oracle imprints its
function as a phase on the input register.

(−1)𝑓(0)|0⟩ + (−1)𝑓(1)|1⟩√
2

𝐻−→ (−1)𝑓(0) + (−1)𝑓(1)

2 |0⟩ + (−1)𝑓(0) − (−1)𝑓(1)

2 |1⟩.

If the values agree, the second amplitude cancels and result 0 is certain. If they
differ, the first amplitude cancels and result 1 is certain. The algorithm reveals
parity, not both function values. One query’s information is reorganized through
interference [11].

9.3 The Hadamard transform on bit strings
For one bit,

𝐻|𝑥⟩ = 1√
2

1
∑
𝑦=0

(−1)𝑥𝑦|𝑦⟩.

Taking tensor products yields

𝐻⊗𝑛|𝑥⟩ = 1√
2𝑛 ∑

𝑦
(−1)𝑥⋅𝑦|𝑦⟩,

where 𝑥 ⋅ 𝑦 = ⨁𝑗 𝑥𝑗𝑦𝑗 is a binary dot product. The exponent may be computed
modulo two. This is the Fourier transform of the group of bit strings under XOR.
The useful cancellation identity is

∑
𝑥

(−1)𝑥⋅𝑧 = {2𝑛, 𝑧 = 0𝑛,
0, 𝑧 ≠ 0𝑛.
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If a bit of z is one, pair each x with the string obtained by flipping that bit.
The two terms have opposite signs and cancel. This pairing proof is the engine
behind both algorithms below.

9.4 Deutsch–Jozsa and its promise
The promise is that f is either constant or balanced over all 2𝑛 inputs. Other
functions are outside the problem. Starting in |0𝑛⟩, apply Hadamards, the phase
oracle, and Hadamards again. The amplitude of output y is

𝐴(𝑦) = 1
2𝑛 ∑

𝑥
(−1)𝑓(𝑥)+𝑥⋅𝑦.

At 𝑦 = 0𝑛, this is the average of (−1)𝑓(𝑥). A constant function gives amplitude
+1 or−1. A balanced function gives zero. Therefore observing all zeros means
constant and any nonzero output means balanced, under the promise [12].
An exact deterministic classical algorithm can require 2𝑛−1 + 1 queries: after
seeing the same value on half the domain, both cases remain possible. But a
randomized classical algorithm can distinguish the cases with bounded error
using only a number of samples logarithmic in the inverse error tolerance. For
k independent uniformly sampled inputs to a balanced function, the probability
all answers match is 21−𝑘. The dramatic exact deterministic comparison is not
an exponential separation from bounded-error classical computation.

9.5 Bernstein–Vazirani
Now promise 𝑓𝑠(𝑥) = 𝑠 ⋅ 𝑥 for a hidden n-bit string s. The same circuit has

𝐴(𝑦) = 1
2𝑛 ∑

𝑥
(−1)𝑠⋅𝑥+𝑥⋅𝑦 = 1

2𝑛 ∑
𝑥

(−1)𝑥⋅(𝑠⊕𝑦).

The cancellation identity gives𝐴(𝑦) = 1 if 𝑦 = 𝑠, zero otherwise. One quantum
oracle query recovers the whole string. Classically, querying each unit vector
𝑒𝑗 reveals 𝑠𝑗, requiring n deterministic queries in the worst case [13].

An added constant offset 𝑏 in 𝑓(𝑥) = 𝑠 ⋅ 𝑥 ⊕ 𝑏 contributes only global phase
(−1)𝑏. This circuit still returns s but does not identify b. This is a concrete
example of a global phase carrying no accessible measurement information.
The BV input state after the oracle actually factors:

1√
2𝑛 ∑

𝑥
(−1)𝑠⋅𝑥|𝑥⟩ = ⨂

𝑗

|0⟩ + (−1)𝑠𝑗|1⟩√
2

.
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Entanglement among these input qubits is unnecessary for this query advan-
tage. Claims that every speedup requires entanglement in every stage would
therefore be misleading.

Laboratory L13 — Oracle interference. Choose Deutsch’s complete truth table,
a promised Deutsch–Jozsa instance, or a BV secret. Inspect preparation, oracle
phases, final amplitudes, and sampled results. The DJ panel uses a stated family of
balanced parity functions; the proof applies to every promised balanced function.

https://quantum-computing-2026.bensont.chatgpt.site/chapters/oracles/#lab-oracles


QUANTUM COMPUTING / 2026 45

9.6 Exercises

9.1. Run Deutsch algebraically for 𝑓(0) = 1, 𝑓(1) = 0.
Solution / guidance

The queried state is (−|0⟩ + |1⟩)/
√

2 = −|−⟩. H gives −|1⟩, so result 1 is certain.

9.2. For n=3 and BV secret 101, list the inputs where f is one.
Solution / guidance

𝑓(𝑥) = 𝑥0⊕𝑥2. The inputs are 001, 011, 100, 110. Their amplitudes acquire minus
signs; the final result is 101.

9.3. In Deutsch–Jozsa, suppose f is one on exactly one quarter of the domain.
What is the all-zero output probability?

Solution / guidance

The amplitude is (3/4) − (1/4) = 1/2, giving probability 1/4. This is outside the
promise, so the circuit is not an exact classifier for this case.

9.4. How many independent classical samples make 21−𝑘 ≤ 1/128?
Solution / guidance

1 − 𝑘 ≤ −7, so k=8 suffices. This bound assumes uniformly random inputs and the
exact promise.

9.5. Why does replacing |−⟩ with |+⟩ in the oracle target remove the useful
kickback?
Solution / guidance

𝑋|+⟩ = |+⟩, so both f values leave the target and phase unchanged. The input
returns to |0𝑛⟩ after the final Hadamards.



CHAPTER 10

Simon’s algorithm and hidden
XOR structure

Learning goals. Follow a two-register oracle calculation, derive the orthogo-
nality constraint, and recover a hidden string by binary linear algebra.

10.1 A stronger oracle separation
Simon’s promise is a nonzero string 𝑠 ∈ {0, 1}𝑛 and a function satisfying

𝑓(𝑥) = 𝑓(𝑥′) ⟺ 𝑥′ = 𝑥 or 𝑥′ = 𝑥 ⊕ 𝑠.
Every output therefore has exactly two preimages. An oracle computes f into a
sufficiently large output register. The problem is to determine s. The function’s
outputs need not have a useful numerical meaning; their equality structure
matters.
With randomly labeled outputs, a classical randomized procedure generally
needs on the order of 2𝑛/2 queries to find a collision and hence recover s. The
birthday scale arises because k samples contain about 𝑘(𝑘 − 1)/2 pairs. Si-
mon’s quantum procedure obtains useful linear constraints with polynomially
many queries [14].
This is an oracle-model result. If an explicit function description exposes s di-
rectly, there may be an easier classical method. The laboratory intentionally
exposes the small oracle table for education; it does not claim its own visible
table is a hidden real-world problem.

10.2 Prepare, query, and condition
Start in |0𝑛⟩|0𝑚⟩, apply Hadamards to the first register, then query:

1√
2𝑛 ∑

𝑥
|𝑥⟩|𝑓(𝑥)⟩.

If the output register is measured and the value is f(z), the input collapses to

46
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|𝑧⟩ + |𝑧 ⊕ 𝑠⟩√
2

.

We need not actually perform or retain this measurement. Tracing out the out-
put register gives the same input measurement probabilities after later opera-
tions. The conditioned description is simply convenient for deriving them.
Apply 𝐻⊗𝑛:

1√
2𝑛+1 ∑

𝑦
[(−1)𝑧⋅𝑦 + (−1)(𝑧⊕𝑠)⋅𝑦] |𝑦⟩.

Because (𝑧 ⊕ 𝑠) ⋅ 𝑦 = 𝑧 ⋅ 𝑦 ⊕ 𝑠 ⋅ 𝑦, the amplitude factors as

(−1)𝑧⋅𝑦
√

2𝑛+1 [1 + (−1)𝑠⋅𝑦] .

If 𝑠 ⋅ 𝑦 = 1, the bracket is zero. If 𝑠 ⋅ 𝑦 = 0, it is two. Thus y is uniformly
distributed among the 2𝑛−1 strings orthogonal to s over the binary field. The
unknown z affects only signs, not the measured probabilities.

10.3 Binary Gaussian elimination
Each run supplies one equation 𝑦⋅𝑠 = 0. Collect independent rows into a matrix
Y and solve 𝑌 𝑠 = 0 over 𝔽2, where addition and subtraction are XOR. Once the
rank reaches n−1, the nullspace contains exactly 0𝑛 and the promised nonzero
s.
Worked example. Let n=3 and s=101. The valid measurement strings are
000, 010, 101, 111. Suppose we obtain 010 and 101. The equations are

𝑠1 = 0, 𝑠0 ⊕ 𝑠2 = 0.
The free variable 𝑠2 = 𝑡 gives (𝑠0, 𝑠1, 𝑠2) = (𝑡, 0, 𝑡). Excluding the zero vector
forces t=1, giving 101. The row 111 is the XOR of 010 and 101, so it adds no
independent information.
After rank r has been collected in the (𝑛 − 1)-dimensional valid subspace, the
next random sample is independent with probability 1−2𝑟−(𝑛−1). The expected
sample count to reach full rank is the sum of the reciprocals of these proba-
bilities. It is (𝑛 − 1) plus a bounded constant, hence O(n). The zero row and
repeated rows are normal, not simulator failures.
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10.4 A concrete reversible oracle
For the laboratory, define 𝑓𝑠(𝑥) = min(𝑥, 𝑥 ⊕ 𝑠) using the integer order of bit
strings. This maps each XOR pair to the same label and has no other collisions.
A reversible oracle XORs that label into its output register.
The simulator calculates the exact input marginal by grouping equal output
labels and applying the Hadamard transform. It does not simply print the secret
as an answer. The recovery display uses only the sampled equations; the known
secret is available separately for checking the experiment.

Laboratory L14 — Simon’s hidden mask. Select a nonzero mask, examine ora-
cle pairs, sample valid equations, and inspect row reduction and candidate masks.
Reduce the shot count until several candidates remain.

10.5 Failure modes and interpretation
Noise can produce y values with 𝑠 ⋅ 𝑦 = 1. Naively demanding that every equa-
tion be exact may then leave no nonzero solution. Recovering a mask from noisy
constraints becomes a statistical inference problem. The noiseless proof does
not automatically supply a robust experimental algorithm.
The all-zero mask belongs to a different one-to-one promise case in common for-
mulations. This laboratory restricts to the nonzero two-to-one case and rejects
zero. A valid interface should explain a promise violation rather than return a
confident but meaningless result.
Simon’s importance is structural: coherent queries convert a hidden symmetry
into measurement constraints. Shor’s algorithm later uses a related idea with
periodicity under ordinary modular arithmetic, but the transforms and classical
reconstruction differ.

https://quantum-computing-2026.bensont.chatgpt.site/chapters/simon/#lab-simon
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10.6 Exercises

10.1. List valid y values for n=3 and s=011.
Solution / guidance

The constraint is 𝑦1 ⊕ 𝑦2 = 0, so y is 000, 011, 100, or 111, each with probability
1/4.

10.2. For n=4, do rows 1100, 0110, and 1010 have rank three?
Solution / guidance

No. The third is the XOR of the first two. Rank is two, so the nullspace has dimen-
sion two and four candidates including zero.

10.3. Solve equations from rows 110, 011 in three bits.
Solution / guidance

𝑠0 = 𝑠1 and 𝑠1 = 𝑠2. The nonzero solution is 111.

10.4. Why does measuring the output register not reveal s in one shot?
Solution / guidance

It reveals one output label, whose two preimages remain unknown. The useful
quantum state is a coherent pair of inputs. The subsequent transform turns that
pair into an equation on s.

10.5. At rank n−2, what is the probability that the next sample completes the
rank?
Solution / guidance

1 − 2(𝑛−2)−(𝑛−1) = 1/2. A few redundant samples near completion are expected.



CHAPTER 11

Grover search and amplitude
amplification

Learning goals. Implement two reflections, derive the two-dimensional rota-
tion, choose iteration counts, and include oracle and sampling costs.

11.1 The search problem
A predicate marks M of N candidates. We can coherently implement 𝑂|𝑥⟩ =
−|𝑥⟩ for marked x and |𝑥⟩ otherwise. For simplicity let 𝑁 = 2𝑛 and prepare

|𝑠⟩ = 1√
𝑁

𝑁−1
∑
𝑥=0

|𝑥⟩.

One measurement of this state succeeds with probability M/N. Grover’s algo-
rithm increases that probability using the oracle and the diffusion operation

𝐷 = 2|𝑠⟩⟨𝑠| − 𝐼.
D is a reflection: it keeps |𝑠⟩ and reverses components orthogonal to it. It is
unitary because 𝐷2 = 𝐼 . It can be implemented using Hadamards and a phase
operation on |0𝑛⟩, up to global phase.
For amplitudes 𝑎𝑥, define their mean ̄𝑎 = 𝑁−1 ∑𝑥 𝑎𝑥. Then

(𝐷|𝜓⟩)𝑥 = 2 ̄𝑎 − 𝑎𝑥.
The “reflection about the mean” description refers to amplitudes, which may be
complex; it does not reflect probabilities.

11.2 Four-item worked example
Let N=4 and mark 10. Start with amplitudes (1, 1, 1, 1)/2. The oracle gives

(1
2 , 1

2 , −1
2 , 1

2) , ̄𝑎 =
1
2 + 1

2 − 1
2 + 1

2
4 = 1

4.
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Diffusion maps an unmarked amplitude to 2(1/4) − 1/2 = 0, and the marked
one to 2(1/4) − (−1/2) = 1. Thus one iteration gives |10⟩ exactly. This special
small case illustrates interference but is not the general iteration count [15].

11.3 Rotation in a two-dimensional subspace
Define normalized uniform marked and unmarked states |𝐺⟩, |𝐵⟩. Then

|𝑠⟩ = sin 𝜃|𝐺⟩ + cos 𝜃|𝐵⟩, sin2 𝜃 = 𝑀/𝑁.
The oracle reverses the good component. Diffusion reflects about |𝑠⟩. Their
product 𝐷𝑂 rotates the state in this plane by 2𝜃 toward the marked subspace.
After k iterations,

|𝜓𝑘⟩ = sin((2𝑘 + 1)𝜃)|𝐺⟩ + cos((2𝑘 + 1)𝜃)|𝐵⟩,
𝑃𝑘 = sin2((2𝑘 + 1)𝜃).

Choose a nonnegative integer k near 𝜋/(4𝜃)−1/2 and compare the neighboring
integer values. When 𝑀 ≪ 𝑁 , this is approximately (𝜋/4)√𝑁/𝑀 iterations.
Additional iterations can rotate past the target and reduce success.
For N=8,M=1, after one iteration

sin(3𝜃) = 3 sin 𝜃 − 4 sin3 𝜃 = 3√
8 − 4

8
√

8 = 5
2
√

8,

so 𝑃1 = 25/32. After two, 𝑃2 = 121/128. The algorithm does not monotonically
improve forever.
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Figure 11.1: Grover success probability oscillates with iteration count.
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11.4 General amplitude amplification
Suppose an algorithm A prepares 𝐴|0⟩ = √𝑝|𝐺⟩ + √1 − 𝑝|𝐵⟩. Replace the
uniform-state reflection by 𝐴(2|0⟩⟨0| − 𝐼)𝐴†. Alternating it with a phase flip of
successful outcomes amplifies the initial success amplitude. The cost includes
calls to both A and 𝐴† as well as the success test [16].
UnknownM complicates choosing k. Randomized iteration schedules, counting
methods, or fixed-point variants can address this, with their own guarantees
and costs. Applying the known-M formula to an unknown success rate is not an
exact algorithm.

11.5 What the speedup does and does not establish
Grover achieves a quadratic improvement in black-box query complexity and is
optimal in that setting [17]. A practical runtime includes preparation, reversible
predicate computation, workspace, fault tolerance, and repetitions. Searching
an ordinary database is not automatically one cheap quantum query: data ac-
cess must be defined.
For an n-bit key with an efficient verification predicate, unstructured quantum
search has the query scale 2𝑛/2. That observation is not a complete cryptan-
alytic resource estimate. Parallelism, oracle circuits, reversible memory, and
error-correction overhead affect the physical cost.
Grover also does not solve NP-complete problems in polynomial time in general.
Replacing a 2𝑛 exhaustive search by 2𝑛/2 remains exponential in n. Structure-
specific classical or quantum algorithms may perform differently; the black-box
lower bound does not apply to every structured task.

Laboratory L15 — Amplitude amplification. Choose register size, marked
items, iterations, shots, and seed. Inspect signed amplitudes after each iteration
and the complete success curve. Deliberately over-rotate.

https://quantum-computing-2026.bensont.chatgpt.site/chapters/grover/#lab-grover
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11.6 Exercises

11.1. For N=4,M=1, calculate success after two iterations.
Solution / guidance

𝜃 = 𝜋/6, so 𝑃2 = sin2(5𝜋/6) = 1/4. The second iteration undoes the perfect
success of the first.

11.2. For M=N/2, does the ordinary iteration improve success?
Solution / guidance

𝜃 = 𝜋/4, so sin2((2𝑘 + 1)𝜋/4) = 1/2 for every integer k. This reflection schedule
cannot improve it.

11.3. Prove D preserves the vector norm.
Solution / guidance

Let 𝑃 = |𝑠⟩⟨𝑠|, with 𝑃 2 = 𝑃 = 𝑃 †. Then 𝐷†𝐷 = (2𝑃 − 𝐼)2 = 4𝑃 2 − 4𝑃 + 𝐼 = 𝐼 .

11.4. A state preparation costs 100 gates, its inverse costs 100, and a success
oracle costs 500. Estimate gate work for 20 amplification iterations, excluding
reflection overhead.
Solution / guidance

20(100 + 100 + 500) = 14,000 gates, plus the initial preparation and omitted re-
flections. Counting only 20 oracle queries would conceal most details.

11.5. With independent success probability P per run, how many runs make
failure at most 𝛿?
Solution / guidance

Failure is (1 − 𝑃 )𝑟. For 0 < 𝑃 < 1, choose 𝑟 ≥ log 𝛿/ log(1 − 𝑃) and round up.
Verification of the proposed answer must also be included.



CHAPTER 12

Fourier transforms and phase
estimation

Learning goals. Calculate a quantum Fourier transform, track bit reversal,
derive the phase-estimation distribution, and account for controlled powers.

12.1 The QFT is a unitary change of amplitudes
For 𝑁 = 2𝑛, define

𝐹𝑁 |𝑥⟩ = 1√
𝑁

𝑁−1
∑
𝑦=0

𝑒2𝜋𝑖𝑥𝑦/𝑁 |𝑦⟩.

The inverse uses the negative sign in the exponent. To verify unitarity, take the
overlap of columns x and x’:

1
𝑁

𝑁−1
∑
𝑦=0

𝑒2𝜋𝑖(𝑥−𝑥′)𝑦/𝑁 = 𝛿𝑥𝑥′.

For x≠x’, the ratio 𝑟 = 𝑒2𝜋𝑖(𝑥−𝑥′)/𝑁 obeys 𝑟𝑁 = 1 but r≠1, so the geometric
sum (1 − 𝑟𝑁)/(1 − 𝑟) vanishes.
Worked example.

𝐹4|1⟩ = |0⟩ + 𝑖|1⟩ − |2⟩ − 𝑖|3⟩
2 .

The four probabilities are equal. The transform has encoded x in relative phases.
Measuring immediately in Z does not reveal those phases or return a table of
classical Fourier coefficients.
For |𝜓⟩ = ∑𝑥 𝑎𝑥|𝑥⟩, the output amplitudes are 𝑏𝑦 = 𝑁−1/2 ∑𝑥 𝑎𝑥𝑒2𝜋𝑖𝑥𝑦/𝑁 . A
QFT circuit can transform a register with O(n²) elementary controlled-phase
and Hadamard gates, but generic amplitude loading and complete output read-
out can cost exponentially in n. Comparing this operation directly with an FFT
that writes all N coefficients is an input-output mismatch.
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12.2 Building the circuit and tracking order
Write x in binary. Factoring the phase across output bits gives tensor factors
with binary-fraction phases. One standard construction applies H to a wire, con-
trolled phase rotations from later wires, repeats down the register, and finally
reverses wire order with swaps.
For two qubits in our most-significant-first convention, a forward QFT is: H on
𝑞0; controlled phase 𝜋/2 between 𝑞1 and 𝑞0; H on 𝑞1; then SWAP. The controlled
phase multiplies only |11⟩ by i. Omitting final swaps implements a bit-reversed
output convention, not the exact 𝐹4 defined above.

q0

q1

H Pπ/2

H

Figure 12.1: An exact two-qubit forward QFT in the book’s wire order. The
controlled phase contributes i only to the 11 component; the final swap fixes
output order.

Small controlled rotations can sometimes be omitted for an approximate QFT
with a bounded error. A valid approximation statement specifies the norm or
algorithmic success criterion, not just the number of gates removed.

Laboratory L16 — Fourier transform. Prepare a basis state or an editable pe-
riodic amplitude pattern. Inspect complex output amplitudes, switch forward/in-
verse sign, and apply the inverse to verify recovery.

12.3 Phase estimation derives a measurable phase
Suppose 𝑈|𝑢⟩ = 𝑒2𝜋𝑖𝜙|𝑢⟩, with 0 ≤ 𝜙 < 1. Use an m-qubit control register,
𝑄 = 2𝑚, prepared uniformly. Controlled powers 𝑈2𝑚−1−𝑗

act from control wire
j under our ordering. Phase kickback gives

1√𝑄

𝑄−1
∑
𝑥=0

𝑒2𝜋𝑖𝜙𝑥|𝑥⟩|𝑢⟩.

Apply 𝐹 †
𝑄 to the controls. The amplitude of y is

https://quantum-computing-2026.bensont.chatgpt.site/chapters/fourier/#lab-qft
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q0 : |0⟩

q1 : |0⟩

q2 : |0⟩

|u⟩

F †
8 y / 8

H

H

H

U4 U2 U1

MZ

MZ

MZ

Figure 12.2: Phase estimation with three control qubits. Their powers are 4, 2,
and 1 from top to bottom. The inverse QFT converts the kicked-back phase into
a binary estimate.

𝐴𝑦 = 1
𝑄

𝑄−1
∑
𝑥=0

𝑒2𝜋𝑖𝑥(𝜙−𝑦/𝑄).

If 𝜙 = 𝑘/𝑄 exactly, orthogonality gives output y=k with certainty. Otherwise
let 𝛿 = 𝜙 − 𝑦/𝑄. The geometric sum gives

𝑝(𝑦) = |𝐴𝑦|2 = sin2(𝜋𝑄𝛿)
𝑄2 sin2(𝜋𝛿),

using the continuous limiting value one when 𝛿 is an integer. The distribution
peaks near y/Q≈φ, including wraparound near zero.
Worked exact phase. Let m=3 and 𝜙 = 3/8 = 0.0112. The phase-kicked con-
trol amplitudes are 𝑒2𝜋𝑖3𝑥/8/

√
8. Inverse QFT returns integer three, bit string

011. The eigentarget stays in |𝑢⟩.
For a target superposition∑𝑗 𝑐𝑗|𝑢𝑗⟩, linearity creates correlated phase-register
and eigenstate branches. Resolvable eigenphases appear with probabilities ap-
proximately |𝑐𝑗|2. Phase estimation does not generally return the expectation
of U’s phase; it samples eigencomponents.

Laboratory L17 — Phase estimation. Adjust φ and control precision. Inspect
the phase-kicked amplitudes, inverse-QFT distribution, sampled estimates, and
circular error. Compare exactly representable and nearby phases.

https://quantum-computing-2026.bensont.chatgpt.site/chapters/fourier/#lab-qpe
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12.4 Precision has a physical cost
m control qubits provide grid spacing 2−𝑚. But the controlled powers collec-
tively use U a total of 1 + 2 + ⋯ + 2𝑚−1 = 2𝑚 − 1 times if implemented by
repetition. Thus increasing precision is not free because the QFT has only poly-
nomial gate count.
Sometimes controlled powers can be implementedmore efficiently using known
structure, as in modular arithmetic. For Hamiltonian evolution, long controlled
evolution time remains a resource. Iterative phase estimation can reduce si-
multaneous ancilla qubits by using repeated experiments and feed-forward, but
does not remove the fundamental need for sufficient phase information [18, 19].
The eigenphase is only defined modulo one. When converting a Hamiltonian
energy E using 𝑈 = 𝑒−𝑖𝐻𝑡, 𝜙 = −𝐸𝑡/(2𝜋) modulo one. The energy range and
evolution time must avoid ambiguity or supply a known offset. A phase estimate
without its sign and units is incomplete.
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12.5 Exercises

12.1. Calculate 𝐹4|2⟩.
Solution / guidance

The phases are 𝑒𝑖𝜋𝑦 = (−1)𝑦, so the amplitudes are (1, −1, 1, −1)/2.

12.2. What does inverse QFT do to a uniform state?
Solution / guidance

It returns |0⟩, since the sum of all nontrivial roots of unity vanishes.

12.3. For m=4 and 𝜙 = 11/16, give the certain bit string in our convention.
Solution / guidance

Integer 11 is 1011. The leftmost bit has weight eight.

12.4. How many repeated U applications implement all controlled powers for
m=10?
Solution / guidance

210 − 1 = 1023, excluding control overhead, preparation, QFT, and repetitions.

12.5. A target is (|𝑢0⟩ + |𝑢1⟩)/
√

2 with exactly resolvable phases 1/4 and 3/4.
What does phase estimation measure?

Solution / guidance

Each phase occurs with probability 1/2, and the target is conditioned on the asso-
ciated eigenstate. It does not return their mean phase 1/2.



CHAPTER 13

Period finding and Shor’s
factoring algorithm

Learning goals. Work modular arithmetic and continued fractions, connect
periodicity to Fourier peaks, and distinguish a small demonstration from
cryptographic-scale factoring.

13.1 Number theory needed for the reduction
The greatest common divisor gcd(𝑎, 𝑁) is computed efficiently by Euclid’s algo-
rithm. Repeatedly replace (𝑎, 𝑁) by (𝑁, 𝑎 mod 𝑁) until the remainder is zero.
Modular exponentiation also has an efficient repeated-squaring algorithm: rep-
resent the exponent in binary and multiply only the required powers.
For gcd(𝑎, 𝑁) = 1, the order r is the smallest positive integer with 𝑎𝑟 ≡ 1
(mod 𝑁). Then 𝑎𝑥 mod 𝑁 repeats with period r.

If r is even, set 𝑡 = 𝑎𝑟/2 mod 𝑁 . Since 𝑡2 ≡ 1 (mod 𝑁),

(𝑡 − 1)(𝑡 + 1) ≡ 0 (mod 𝑁).
If 𝑡 ≢ ±1 (mod 𝑁), the gcd values gcd(𝑡 − 1, 𝑁) and gcd(𝑡 + 1, 𝑁) provide
nontrivial factors. If r is odd or 𝑡 ≡ −1, choose another base. A found gcd
greater than one before quantum order finding is already a classical success.
Worked factorization. For N=15,a=2, powers are 1,2,4,8,1, so r=4. Then
𝑡 = 22 = 4, and

gcd(4 − 1, 15) = 3, gcd(4 + 1, 15) = 5.
This arithmetic is the end of the algorithm, not its quantum component.

13.2 The quantum state before the Fourier transform
Choose a control range𝑄 = 2𝑚, conventionally𝑁2 ≤ 𝑄 < 2𝑁2 for the elemen-
tary reconstruction guarantee. Compute modular exponentiation reversibly:

59
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1√𝑄

𝑄−1
∑
𝑥=0

|𝑥⟩|0⟩ ⟼ 1√𝑄 ∑
𝑥

|𝑥⟩|𝑎𝑥 mod 𝑁⟩.

The operation must be a reversible circuit on all allowed basis inputs; comput-
ing into a clean work register is a shorthand for a reversible implementation
with workspace. Efficient modular arithmetic is essential to Shor’s polynomial
complexity [20].
Condition on a work-register value. Its compatible x values form a progression
𝑥0, 𝑥0 + 𝑟, … , 𝑥0 + (𝐿 − 1)𝑟, truncated at Q. The control state is

1√
𝐿

𝐿−1
∑
𝑘=0

|𝑥0 + 𝑘𝑟⟩.

After inverse QFT, the amplitude at y is

𝐴𝑦 = 𝑒−2𝜋𝑖𝑥0𝑦/𝑄
√𝐿𝑄

𝐿−1
∑
𝑘=0

𝑒−2𝜋𝑖𝑘𝑟𝑦/𝑄.

The sum is large when ry/Q is near an integer. Therefore measured y tends
to satisfy y/Q≈j/r. The offset contributes a phase but does not move the peaks.
Summing probabilities over all possible work-register outcomes gives the un-
conditional control distribution.
If r divides Q exactly, peaks occur at 𝑦 = 𝑗𝑄/𝑟. For N=15,a=2,Q=256,r=4,
these are 0,64,128,192, each with probability 1/4. This unusually clean exam-
ple should not be mistaken for the shape of every instance.

13.3 Continued fractions recover a candidate denomina-
tor

A rational approximation to y/Q can reveal j/r. Continued fractions successively
extract an integer part and invert the remainder. Their convergents supply
good rational approximations.
Suppose y/Q=171/512. Euclidean divisions begin

512 = 2(171) + 170, 171 = 1(170) + 1, 170 = 170(1).
Thus 171/512 = [0; 2, 1, 170], with convergents 0/1, 1/2, 1/3, 171/512. The
small denominator three is a candidate period divisor if the observed ratio ap-
proximated j/r with reduced denominator three.
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A candidate denominator must be checked by modular exponentiation. If j and
r share a factor, the reduced denominator can be smaller than r; several sam-
ples or tested multiples may be needed. The outcome y=0 supplies no useful
denominator. Neither a sharp Fourier peak nor a plausible fraction eliminates
the verification step.
Worked nontrivial reconstruction. For N=21,a=2, the true order is six. A
peak near y/Q≈1/6 can suggest r=6; one near 1/3 may suggest only a divisor.
With verified r=6, 𝑡 = 23 = 8, so gcd(7, 21) = 7 and gcd(9, 21) = 3.

13.4 The complete classical–quantum loop
First handle even N, prime powers, and easy gcd cases using classical prepro-
cessing. Select a coprime base, perform order finding, reconstruct and verify
candidate orders, and apply the gcd reduction. Repeat when an uninformative
sample or unsuitable order occurs. Efficient primality and perfect-power tests
are classical; they are not quantum speedups.
The algorithm runs in time polynomial in log𝑁 with suitable fault-tolerant logi-
cal arithmetic and precision accounting. That asymptotic theorem is not a claim
about today’s available machines. Physical feasibility depends on error rates,
logical operations, workspace, factories, decoding, and time.

Laboratory L18 — Small-instance order finding. Choose N=15 or 21 and
a base. The simulator computes modular exponentiation groups and the exact
Fourier marginal, samples y, and shows continued-fraction candidates and gcd
checks. A control register too small for the textbook guarantee is explicitly identi-
fied.

The laboratory is a classical simulation of the mathematical order-finding exper-
iment. It is not a hardware benchmark or a full gate decomposition of crypto-
graphicmodular arithmetic. Unlike a canned “factor 15” animation, its outcome
distribution is recomputed from a,N,Q, and a bad sample can fail.

13.5 Modern resource claims
A resource estimate is conditional on an architecture and error model. Gid-
ney’s 2025 analysis estimates RSA-2048 factoring with fewer than a million
noisy qubits and under a week under its specified superconducting-style as-
sumptions [52]. A March 2026 preprint by Cain and colleagues explores much
smaller reconfigurable-atom counts using different coding and architecture as-
sumptions [53]. Neither describes a completed RSA-2048 factorization on a
quantum machine. Chapter 20 explains how to read these estimates, and Chap-
ter 24 records their evidence status.

https://quantum-computing-2026.bensont.chatgpt.site/chapters/shor/#lab-shor
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13.6 Exercises

13.1. Find the order of 4 modulo 15 and complete the factorization.
Solution / guidance

41 = 4, 42 ≡ 1, so r=2. Then t=4 and gcd values are 3 and 5.

13.2. Why is a=14 unsuitable in the final reduction for N=15?
Solution / guidance

Its order is two, but 141 ≡ −1 (mod 15). The gcd values are 1 and 15, so the
reduction gives no nontrivial factor.

13.3. In the clean N=15,a=2,Q=256 experiment, what does y=128 reveal?
Solution / guidance

𝑦/𝑄 = 1/2 suggests denominator two, a divisor of the actual order four. Testing
22 mod 15 = 4 rejects it as a full order; testing the multiple four succeeds.

13.4. What minimum power-of-two Q satisfies 𝑄 ≥ 212?
Solution / guidance

212 = 441 and the next power of two is 512, requiring nine control qubits. Work
and arithmetic ancillas are additional.

13.5. Why does knowing factors in advance risk invalidating a hardware demon-
stration of Shor’s general algorithm?
Solution / guidance

A circuit can be compiled using the known period or answer, eliminating the hard
modular arithmetic. Such a demonstration may test selected gates and interfer-
ence, but it does not validate general scalable factoring.



CHAPTER 14

Hamiltonian simulation and
modern algorithmic tools

Learning goals. Connect unitary evolution to Hamiltonians, derive a product
formula, and understand the access and output assumptions behind block en-
coding and linear-system algorithms.

14.1 Why simulate quantum systems?
A Hamiltonian H is a Hermitian operator specifying a system’s energy and dy-
namics. In units with ℏ = 1,

𝑖 𝑑
𝑑𝑡|𝜓(𝑡)⟩ = 𝐻|𝜓(𝑡)⟩, |𝜓(𝑡)⟩ = 𝑒−𝑖𝐻𝑡|𝜓(0)⟩

for time-independent H. Simulating such evolution is a natural quantum-
computing task because the target itself has quantum structure. But “simulate
a molecule” still needs a precise model: orbitals, truncation, initial state,
desired observable, accuracy, and classical benchmark.
For n qubits, a Hamiltonian can be expanded in Pauli strings: 𝐻 = ∑ℓ ℎℓ𝑃ℓ,
with real coefficients for Hermitian H. A Pauli string is a tensor product of
I,X,Y,Z. Since 𝑃 2

ℓ = 𝐼 ,

𝑒−𝑖ℎℓ𝑃ℓ𝑡 = 𝐼 cos(ℎℓ𝑡) − 𝑖𝑃ℓ sin(ℎℓ𝑡).
Basis rotations and parity-computing circuits can implement these individual
terms. For a Z-string, CNOTs compute parity into a target, an 𝑅𝑧 applies the
phase, and reversed CNOTs uncompute the parity.

14.2 Product formulas and their error
If A and B commute, 𝑒−𝑖(𝐴+𝐵)𝑡 = 𝑒−𝑖𝐴𝑡𝑒−𝑖𝐵𝑡. Otherwise the equality generally
fails. Expand each side for a small step δ:

𝑒−𝑖(𝐴+𝐵)𝛿 = 𝐼 − 𝑖(𝐴 + 𝐵)𝛿 − 1
2(𝐴2 + 𝐴𝐵 + 𝐵𝐴 + 𝐵2)𝛿2 + ⋯ ,

𝑒−𝑖𝐴𝛿𝑒−𝑖𝐵𝛿 = 𝐼 − 𝑖(𝐴 + 𝐵)𝛿 − (1
2𝐴2 + 𝐴𝐵 + 1

2𝐵2) 𝛿2 + ⋯ .

63
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The difference is proportional to [𝐴, 𝐵]𝛿2/2. Repeating r steps of size t/r gives
a first-order product-formula error with typical bound scaling 𝑂(𝑡2‖[𝐴, 𝐵]‖/𝑟)
for bounded operators. A symmetric step 𝑒−𝑖𝐴𝛿/2𝑒−𝑖𝐵𝛿𝑒−𝑖𝐴𝛿/2 cancels leading
asymmetry and improves the order under appropriate assumptions [21, 22].
Worked two-term model. Let 𝐻 = 𝑋 + 𝑍. Because XZ+ZX=0,

𝐻2 = 𝑋2 + 𝑋𝑍 + 𝑍𝑋 + 𝑍2 = 2𝐼.
Therefore

𝑒−𝑖𝐻𝑡 = cos(
√

2𝑡)𝐼 − 𝑖sin(
√

2𝑡)√
2

(𝑋 + 𝑍).

Acting on |0⟩ gives amplitudes cos(
√

2𝑡) − 𝑖 sin(
√

2𝑡)/
√

2 and −𝑖 sin(
√

2𝑡)/
√

2.
This exact solution is a useful check on an approximate simulator.

Laboratory L19 — Product-formula experiment. Compare exact evolution un-
der X+Z with repeated Z then X rotations. Change time and step count; inspect
the state-vector error and fidelity. More steps reduce formula error but would add
hardware noise in a physical implementation.

14.3 Energies through phase estimation
For an energy eigenstate 𝐻|𝐸⟩ = 𝐸|𝐸⟩, 𝑒−𝑖𝐻𝑡|𝐸⟩ = 𝑒−𝑖𝐸𝑡|𝐸⟩. Phase estima-
tion can infer E after accounting for sign, time, and periodic ambiguity. Prepar-
ing a state with sufficient overlap on the desired eigenstate can be as important
as simulating evolution. A precise phase estimate of the wrong eigenstate is not
a successful ground-state calculation.
The full resource budget combines model error, state-preparation error,
Hamiltonian-simulation error, phase-estimation error, and sampling or con-
fidence requirements. Giving every component the entire error tolerance is
invalid; the errors must be combined or budgeted with a justified bound.

14.4 Block encoding: matrices inside unitaries
An arbitrary matrix A is not usually unitary, so it cannot simply be applied as a
deterministic closed-system gate. A block encoding embeds 𝐴/𝛼 into a larger
unitary U:

(⟨0𝑎| ⊗ 𝐼) 𝑈 (|0𝑎⟩ ⊗ 𝐼) = 𝐴/𝛼.
Here α≥‖A‖ is a normalization and a is the ancilla count. Other blocks make
the complete matrix unitary. Postselecting the ancillas on zero applies the de-

https://quantum-computing-2026.bensont.chatgpt.site/chapters/simulation-algorithms/#lab-hamiltonian
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sired block with a state-dependent probability; that probability and the cost of
constructing U must be counted.
For a sum 𝐴 = ∑ℓ 𝑎ℓ𝑈ℓ of unitaries, one can prepare an index superposition
weighted by√|𝑎ℓ|/𝛼, apply a selected 𝑈ℓ with its sign or phase, and unprepare
the index. This illustrates how a matrix’s representation determines its access
cost.
Quantum signal processing and quantum singular value transformation use
structured sequences of such unitaries, reflections, and phase rotations to trans-
form eigenvalues or singular values by controlled polynomials. The required
polynomial must satisfy boundedness and parity constraints, and its degree
controls query cost. These methods unify important simulation, search, and
linear-algebra algorithms; they do not provide arbitrary matrix functions for
free [23, 24].

14.5 Linear systems and input-output restrictions
For 𝐴|𝑥⟩ ∝ |𝑏⟩, a quantum linear-system algorithm aims to prepare a state pro-
portional to𝐴−1|𝑏⟩. In A’s eigenbasis, inversion multiplies coefficient 𝑏𝑗 by 1/𝜆𝑗.
Small eigenvalues cause large amplification, making the condition number κ an
essential parameter [25].
The output is a quantum state, not a printed list of every component of a clas-
sical solution vector. Extracting all N entries generally removes the advertised
logarithmic dependence on N. Promising use cases specify efficient access to A
and b, suitable conditioning, and an output observable obtainable with limited
measurements.
A classical comparison must receive comparable data access. Sampling access,
sparse-entry oracles, low-rank structure, and preprocessed data can also enable
powerful classical algorithms. A quantum linear-algebra primitive is a starting
point for an application analysis, not a completed speedup claim.

14.6 Amplitude estimation and learning
Amplitude estimation combines amplification with phase information to esti-
mate a success probability. Ideal coherent-query algorithms can improve the
scaling with additive precision from the ordinary sampling 𝑂(1/𝜖2) to 𝑂(1/𝜖)
under appropriate access and success guarantees [16]. The improvement
trades repeated shallow sampling for coherent operations, inverses, or more
elaborate schedules. Noisy hardware can change that trade.
Quantum machine learning includes learning quantum data, quantum feature
maps, and variational models. Loading classical data, generalization, train-
ing stability, and classical baselines are separate questions. An exponentially
large Hilbert space alone proves no learning advantage. Strong results are
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task-specific; broad superiority on ordinary classical datasets remains an open
question in this introductory scope [26].

14.7 Exercises

14.1. Derive 𝑒−𝑖𝑡𝑍|+⟩.
Solution / guidance

Z’s eigenvalues are ±1, so the state is (𝑒−𝑖𝑡|0⟩ + 𝑒𝑖𝑡|1⟩)/
√

2. Up to global phase,
its relative phase is 2𝑡.

14.2. Why is the product formula exact for 𝐴 = 𝑍 ⊗ 𝐼 , 𝐵 = 𝐼 ⊗ 𝑋?
Solution / guidance

The operators act on separate subsystems and commute. The commutator and all
higher commutator corrections vanish.

14.3. A first-order formula error bound is 𝐶/𝑟. What happens when the target
error is divided by ten?
Solution / guidance

The bound requires ten times as many steps, holding C fixed. More steps also
increase physical operation count; total error may not decrease if hardware noise
dominates.

14.4. Why does a block encoding need α≥‖A‖?
Solution / guidance

A subblock of a unitary is a contraction: projecting a unit vector cannot increase
its norm. Thus ‖A/α‖≤1.

14.5. A quantum linear-system routine prepares a 2²⁰-dimensional state. Does
it output one million classical numbers?
Solution / guidance

No. It outputs a 20-qubit state encoding normalized amplitudes. Recovering a full
vector requires an additional, generally expensive measurement and reconstruc-
tion task.



CHAPTER 15

Variational algorithms and their
limits

Learning goals. Derive a variational energy, use a parameter-shift gradient,
explore QAOA, and evaluate claims under noise and classical comparison.

15.1 A hybrid optimization loop
A parameterized circuit prepares |𝜓(𝜃)⟩. Measurements estimate a cost such
as

𝐸(𝜃) = ⟨𝜓(𝜃)|𝐻|𝜓(𝜃)⟩.
A classical optimizer chooses new parameters, and the loop repeats. The varia-
tional principle follows by expanding the state in energy eigenstates:

|𝜓⟩ = ∑
𝑗

𝑐𝑗|𝐸𝑗⟩, 𝐸(𝜃) = ∑
𝑗

|𝑐𝑗|2𝐸𝑗 ≥ 𝐸min.

This guarantee assumes the correct Hamiltonian and a physical normalized
state. A finite-shot or mitigated estimate can fall below the exact ground en-
ergy due to sampling or estimator bias; that does not violate the theorem.
The variational quantum eigensolver (VQE) uses this loop to seek low-energy
states [27]. Its performance depends on the ansatz, initialization, optimizer,
measurement allocation, and noise. The variational principle gives an energy
bound, not a guarantee that the optimizer reaches the best state.

15.2 A fully solvable example
Take 𝐻 = 𝑍 + 1

2𝑋 and prepare |𝜓(𝜃)⟩ = 𝑅𝑦(𝜃)|0⟩. Its Bloch vector is
(sin 𝜃, 0, cos 𝜃), so

𝐸(𝜃) = cos 𝜃 + 1
2 sin 𝜃.

Let 𝑅 = √1 + 1/4 =
√

5/2 and 𝛿 = arctan(1/2). Then
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𝐸(𝜃) = 𝑅 cos(𝜃 − 𝛿).

The minimum is −
√

5/2 at 𝜃 = 𝜋 + 𝛿 modulo 2𝜋. Differentiating gives 𝐸′(𝜃) =
− sin 𝜃 + 1

2 cos 𝜃. The condition tan 𝜃 = 1/2 has both maximum and minimum
solutions; checking curvature or energy selects the minimum.
If θ is restricted to [0, 𝜋] with relative phase zero, the circuit cannot reach every
real direction needed for the optimum. Allowing a negative relative phase or
the full 2𝜋 rotation removes that artificial restriction. Parameter ranges are
part of an ansatz definition.

15.3 Parameter-shift gradients
For a parameter appearing once in a rotation 𝑒−𝑖𝜃𝑃/2 with 𝑃 2 = 𝐼 , an expecta-
tion has the form 𝑎 + 𝑏 cos 𝜃 + 𝑐 sin 𝜃. Therefore

𝑑𝐸
𝑑𝜃 = 𝐸(𝜃 + 𝜋/2) − 𝐸(𝜃 − 𝜋/2)

2 .

This is exact under the stated generator and occurrence assumptions. It is
not a generic two-evaluation formula for every parameterization. If a shared
parameter occurs in many gates, contributions must be treated correctly.
With finite-shot evaluations, the gradient also has uncertainty. Optimizing be-
yond that uncertainty can waste shots or follow noise. Adaptive measurement
allocation and stopping criteria belong in a serious experimental workflow.

Laboratory L20—Variational energy. Manipulate θ and φ for H=Z+X/2, inspect
the state and energy, and take gradient steps on θ. Compare with the exact ground
energy. The exact classical solution is displayed because this is a learning problem.

15.4 QAOA as alternating dynamics
For a bit-string objective C(x), define the diagonal operator𝐶 = ∑𝑥 𝐶(𝑥)|𝑥⟩⟨𝑥|
and mixer 𝐵 = ∑𝑗 𝑋𝑗. A depth-p QAOA state is

|𝛾, 𝛽⟩ = 𝑒−𝑖𝛽𝑝𝐵𝑒−𝑖𝛾𝑝𝐶 ⋯ 𝑒−𝑖𝛽1𝐵𝑒−𝑖𝛾1𝐶|+⟩⊗𝑛.
For MaxCut, an edge (j,k) contributes (𝐼 − 𝑍𝑗𝑍𝑘)/2, which is one when the bits
differ. The cost phase does not change probabilities by itself; the mixer converts
its relative phases into a changed output distribution.
For a triangle, every nonconstant assignment cuts two edges and the two con-
stant strings cut zero. The optimum is two. The laboratory exactly simulates

https://quantum-computing-2026.bensont.chatgpt.site/chapters/variational/#lab-vqe
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one QAOA layer and shows the entire distribution, so an improved expectation
can be distinguished from certainty of the optimal string [28].

Laboratory L21 — A QAOA triangle. Change γ and β, inspect the eight prob-
abilities, and compare expected cut value with the optimum two. The graph and
objective are fixed and explicitly shown.

15.5 Trainability, noise, and honest benchmarks
A barren plateau is a regime where gradients become very small, often with
variance decreasing rapidly with size under a specified random-circuit ensem-
ble. It is not a theorem that every variational circuit is untrainable. Ansatz
locality, depth, initialization, cost locality, and data structure matter [29].
An expressive ansatz may approximate many states but require expensive train-
ing. A restricted ansatz can be trainable yet miss the desired state. Noise can
flatten a cost landscape or bias an optimum. An ideal state-vector optimizer
provides information a hardware optimizer must estimate with shots.
A credible benchmark includes total quantum executions, classical optimizer
effort, hyperparameter searches, state preparation, mitigation overhead, and
the accuracy of the best relevant classical method. Comparing a carefully tuned
quantum model with an untuned classical baseline is not evidence of a general
advantage.
Annealing and adiabatic algorithms use different control models. In an ideal adi-
abatic argument, the system follows a changing Hamiltonian’s eigenstate when
evolution is sufficiently slow relative to spectral-gap and smoothness conditions.
A small minimum gap can make the required time large. A device’s ability to
implement an Ising energy function does not establish efficient solutions to all
hard optimization problems.

https://quantum-computing-2026.bensont.chatgpt.site/chapters/variational/#lab-qaoa


QUANTUM COMPUTING / 2026 70

15.6 Exercises

15.1. Find the eigenvalues of Z+X/2 directly from its matrix.
Solution / guidance

The determinant of (1 − 𝜆 1/2
1/2 −1 − 𝜆) is 𝜆2 − 5/4. Eigenvalues are ±

√
5/2.

15.2. Verify the parameter-shift formula for E(θ)=cosθ+sinθ/2.
Solution / guidance

Substitute θ±π/2 and subtract: the cosine contribution gives−2 sin 𝜃, the sine con-
tribution gives cos 𝜃. Dividing by two matches the derivative.

15.3. What is the expected triangle cut value in the uniform state?
Solution / guidance

Six strings have cost two and two have zero, so the expectation is (6 ⋅ 2)/8 = 3/2.
Each edge also has probability 1/2 of being cut.

15.4. If β=0 in one-layer QAOA, can γ change computational-basis probabili-
ties?
Solution / guidance

No. The cost unitary is diagonal and changes only phases. Without a later noncom-
muting operation, the probabilities remain uniform.

15.5. A mitigated VQE energy estimate is below the exact ground energy. List
two possible explanations consistent with quantum mechanics.
Solution / guidance

Finite-shot fluctuation and mitigation bias can produce such an estimate. An incor-
rect Hamiltonian, calibration error, or software error are additional possibilities.
The variational bound applies to the exact expectation of a physical state.



CHAPTER 16

Classical simulation and the cost
of representation

Learning goals. Estimate exact memory costs, identify efficient special cases,
and choose a simulator matched to the circuit and required answer.

16.1 State-vector memory
A generic n-qubit pure state has 2𝑛 complex amplitudes. At 16 bytes per com-
plex double, raw storage is

𝑀vector = 16 2𝑛 bytes.
This excludes temporary arrays, circuit metadata, and application overhead. A
single-qubit gate updates pairs of amplitudes in O(2𝑛) work. A circuit with G
such gates has naive cost O(𝐺2𝑛). A dense general 2𝑛 × 2𝑛 matrix should not
be constructed when local gate updates suffice.

Qubits Raw state-vector memory

20 16 MiB
30 16 GiB
40 16 TiB
50 16 PiB

Each added qubit doubles memory. A generic density matrix contains 4𝑛 com-
plex entries, using 16 4𝑛 bytes. At n=15, that is 16 GiB. Hermiticity reduces
independent real parameters but does not remove exponential scaling.
These numbers do not prove that every n-qubit circuit is difficult. They describe
a dense representation. A product state needs only n small vectors, and many
entangled states have compact alternative representations.

Laboratory L22 — Simulation cost. Change qubit count and numeric precision.
Compare state-vector and density-matrix storage on logarithmic scales. No huge
arrays are allocated by this calculator.
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Figure 16.1: Storage for complex128 amplitudes or dense density operators.
The plotted values count the array alone, before work buffers and simulator
overhead.

16.2 Stabilizer simulation
The Clifford gates map Pauli strings to Pauli strings under conjugation. H ex-
changes X and Z, S maps X to Y, and CNOT has simple propagation rules. A
stabilizer state can be stored by n commuting independent Pauli generators
rather than 2𝑛 amplitudes.
A stabilizer tableau has O(n²) binary entries, and Clifford gates and Pauli mea-
surements admit efficient updates. This is the basis of Gottesman–Knill simula-
tion. It can handle highly entangled states such as GHZ states; entanglement
alone is therefore insufficient to imply exponential classical cost [33, 30].
Non-Clifford gates such as T generally break closure of the stabilizer representa-
tion. Specialized simulators express a state as combinations of stabilizer states
or use related decompositions, with cost depending strongly on non-Clifford re-
sources. A million Clifford operations can be easier to simulate than far fewer
appropriately arranged non-Clifford gates.
Stim is an important specialized stabilizer-circuit simulator and detector-error-
model tool [32]. Its speed comes from targeting a restricted but useful circuit
family. It is not a generic state-vector simulator for arbitrary rotations.
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16.3 Tensor networks and entanglement structure
A tensor network factors a large coefficient array into smaller tensors joined
by summed indices. For a one-dimensional chain, a matrix product state has
amplitudes

𝑎𝑥0⋯𝑥𝑛−1
= 𝐴[0]𝑥0𝐴[1]𝑥1 ⋯ 𝐴[𝑛−1]𝑥𝑛−1.

The internal matrix dimensions are bond dimensions. A bond dimension χ
bounds Schmidt rank across that cut; entanglement entropy is at most log2 𝜒.
Low-entanglement dynamics can be represented efficiently. Generic strongly
entangling dynamics may force χ to grow exponentially [31].
Truncating small Schmidt coefficients gives an approximate method. Its relia-
bility depends on accumulated truncation error and the requested observables.
A visually smooth expectation curve does not establish small global state error.
For more general tensor networks, contraction order and graph structure de-
termine cost. A circuit’s depth, geometry, and chosen output can substantially
change simulation difficulty. Computing one amplitude, one local expectation,
or samples from an approximate distribution are different tasks.

16.4 Trajectories, density matrices, and sampling
A density-matrix simulator exactly averages a specified noise channel but pays
4𝑛 storage. A quantum-trajectory method samples Kraus outcomes and evolves
pure states, trading memory for Monte Carlo variance. A single trajectory is a
conditioned pure state, not the ensemble density operator.
For an observable, average trajectory estimates and include both trajectory ran-
domness and measurement sampling if the workflow has both. Choosing a con-
venient Kraus decomposition can affect numerical efficiency without changing
the channel average.
Sparse state vectors help while only a few basis amplitudes are nonzero, but
Hadamard-rich circuits can quickly destroy sparsity. Distributed simulation
spreads arrays across machines at the cost of communication. GPU acceler-
ation changes constants and capacity, not the exponential asymptotic storage
law.

16.5 A practical simulator selection process
Ask what output is needed. A circuit with Clifford gates and Pauli noise favors
a stabilizer tool. A small arbitrary ideal circuit favors a state vector. A small
open system favors a density matrix. A larger structured low-entanglement
circuit may favor tensor methods. A noisy observable calculation may favor
trajectories.
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Then check assumptions. Does the tool support mid-circuit measurement, clas-
sical conditions, leakage, non-Pauli noise, qudits, and the intended ordering?
Does its noise convention match the paper? An unsupported operation should
be rejected or explicitly approximated, never silently reinterpreted.
The browser workbench intentionally limits the generic circuit to eight qubits
and 40 operations for responsive teaching. Other laboratories use exact spe-
cialized formulas for larger small registers. These user-interface limits are not
a statement about the maximum classical simulator capacity.

16.6 Why classical baselines keep moving
A quantum benchmark may motivate improved classical contraction, approxi-
mation, or sampling methods. A published comparison is dated evidence about
a specified task, not a permanent mathematical lower bound. Claimed quantum
advantage should report accuracy, hardware time, preprocessing, classical re-
sources, and whether the baseline was later improved.
Worst-case complexity statements and empirical benchmark records are both
useful, but they answer different questions. Chapter 24 keeps them separate
when describing current experiments.
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16.7 Exercises

16.1. Howmuch raw complex-double memory does a 25-qubit state vector use?
Solution / guidance

16 ⋅ 225 = 229 bytes = 512 MiB. Working memory can require multiple such arrays.

16.2. What is the ratio of density-matrix to state-vector raw storage for n
qubits?
Solution / guidance

4𝑛/2𝑛 = 2𝑛. The density matrix stores relations between every pair of basis states.

16.3. Can a GHZ state have high bipartite entanglement while remaining easy
for a stabilizer simulator?
Solution / guidance

It is entangled but has a compact stabilizer description. Across any nontrivial bi-
partition its Schmidt rank is two and entropy one bit. It is also an example where
multiple compact representations exist.

16.4. A matrix product state uses bond dimension 32. What is its maximum
entropy across that bond?
Solution / guidance

log2 32 = 5 bits. Actual entropy can be smaller.

16.5. Why is one amplitude computed by tensor contraction not the same de-
liverable as a full state vector?
Solution / guidance

It gives one complex number. Repeating the calculation for all 2𝑛 outputs can be
exponentially more expensive and may not reuse all work efficiently.



CHAPTER 17

Stabilizers and quantum error
correction

Learning goals. Encode an unknown state without cloning it, extract parity
syndromes, understand code distance, and derive stabilizer commutation and
recovery conditions.

17.1 Protect amplitudes without learning them
An encoding maps one logical qubit into a larger physical space:

𝛼|0⟩ + 𝛽|1⟩ ⟼ 𝛼|0𝐿⟩ + 𝛽|1𝐿⟩.
It does not produce three copies (𝛼|0⟩ + 𝛽|1⟩)⊗3. The logical amplitudes are
distributed through a code subspace. Error checks must reveal information
about errors while preserving the encoded information.
The three-qubit bit-flip code uses |0𝐿⟩ = |000⟩, |1𝐿⟩ = |111⟩. CNOTs from
the input to two zero ancillas encode it. A flip on the middle qubit produces
𝛼|010⟩ + 𝛽|101⟩. Measuring every physical bit would reveal the logical value
and destroy a general superposition. Instead measure parity.

17.2 Syndrome extraction
The checks are 𝑍0𝑍1 and 𝑍1𝑍2. Every valid code state has eigenvalue +1 for
both. A bit flip changes the signs of checks touching its location:

Error 𝑍0𝑍1 𝑍1𝑍2 Syndrome bits

I +1 +1 00
𝑋0 −1 +1 10
𝑋1 −1 −1 11
𝑋2 +1 −1 01

The bit convention is 0 for eigenvalue +1 and 1 for −1. A fresh ancilla initialized
to zero receives CNOTs from the two data qubits; measuring it in Z reveals
their parity. The two components of the encoded superposition share the same
syndrome, so the syndrome does not reveal α or β.
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After syndrome 11, apply 𝑋1: 𝑋1(𝛼|010⟩ + 𝛽|101⟩) = 𝛼|000⟩ + 𝛽|111⟩. The
same correction acts on both amplitudes.
Two flips can mimic one. 𝑋0𝑋1 has the same syndrome as 𝑋2. Correcting
as though 𝑋2 occurred leaves 𝑋0𝑋1𝑋2, a logical X. Thus under independent
flips and perfect checks the failure probability is 3𝑝2 − 2𝑝3. This code does not
correct arbitrary phase errors.

Laboratory L23 — Repetition-code memory. Inject a specific bit-flip pattern,
inspect neighboring parity checks and the chosen recovery, and compare exact
odd-distance failure probabilities. Measurements and recovery are ideal in this
model.

|ψ⟩

|0⟩

|0⟩

a0 : |0⟩

a1 : |0⟩

s0

s1

MZ

MZ

Figure 17.1: Encode an arbitrary input in the three-qubit repetition code, then
extract the two Z-parity checks into separate ancillas. This ideal circuit explains
the syndrome; it is not a fault-tolerant extraction schedule.

17.3 Why correcting Pauli errors is enough in principle
Any one-qubit operator can be expanded as 𝑎𝐼+𝑏𝑋+𝑐𝑌 +𝑑𝑍. If a code corrects
an appropriate error set, it also corrects coherent combinations in the span
under the quantum error-correction conditions. Syndrome extraction separates
error sectors without reading the logical amplitudes.
This does not mean hardware errors literally select a Pauli every time. It is
a statement about a linear operator basis and recoverability. Coherent noise,
correlated multi-qubit errors, leakage, and faulty syndrome circuits still require
careful modeling.

https://quantum-computing-2026.bensont.chatgpt.site/chapters/correction/#lab-repetition
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Figure 17.2: Repetition-code failure under independent X errors and perfect
recovery. The improvement concerns one error type.

A phase-flip repetition code uses |+++⟩, |−−−⟩ and X-type checks. Combining
protection against bit and phase errors leads to codes such as Shor’s nine-qubit
code [34]. Its logical states can be written

|0𝐿⟩ = (|000⟩ + |111⟩√
2

)
⊗3

, |1𝐿⟩ = (|000⟩ − |111⟩√
2

)
⊗3

.

The construction protects against any single physical-qubit error, not just a
classical bit flip.

17.4 Stabilizer groups and logical operators
A Pauli string is a tensor product of I,X,Y,Z with a phase. Two strings commute
if the number of positions where they have different nonidentity Paulis is even.
For example, XX and ZZ commute: each position contributes one minus sign,
so the total sign is positive.
An abelian stabilizer group S not containing −I defines the common +1
eigenspace of its generators. With r independent generators on n qubits, the
code-space dimension is 2𝑛−𝑟, encoding k=n−r logical qubits. Independence
matters: a product of existing generators imposes no new constraint [33].
A logical Pauli commutes with all stabilizers but is not itself a stabilizer. For the
repetition code, 𝑋 = 𝑋0𝑋1𝑋2 and 𝑍 = 𝑍0 are logical operators. Multiplying
a logical operator by a stabilizer changes its physical representative but not its
action within the code space.
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An [[𝑛, 𝑘, 𝑑]] quantum code has distance d equal to the smallest weight of a
nontrivial logical Pauli, for a stabilizer code. It can correct arbitrary errors on
up to ⌊(𝑑 − 1)/2⌋ unknown locations. Known erasures can be corrected on
up to d−1 locations under the code’s assumptions. The bit-flip repetition code
has distance one as a full quantum code because a single Z is an undetectable
logical phase operation.

17.5 The Knill–Laflamme condition
Let P project onto the code space and {𝐸𝑎} be a set of errors. A recovery
correcting their span exists exactly when

𝑃𝐸†
𝑎𝐸𝑏𝑃 = 𝑐𝑎𝑏𝑃 .

The constants may depend on the error labels but not on the encoded logi-
cal state. Intuitively, the environment must not learn which logical state was
present while distinguishing correctable error processes [36].

For distinct logical basis states, the condition implies ⟨𝑖𝐿|𝐸†
𝑎𝐸𝑏|𝑗𝐿⟩ = 0 when

i≠j and equal diagonal values for all i. Error images must preserve logical dis-
tinguishability while revealing no logical information through their error-label
overlaps.

17.6 CSS codes and a next example
A CSS code uses X-only and Z-only checks specified by binary matrices𝐻𝑋, 𝐻𝑍.
Commutation requires

𝐻𝑋𝐻𝑇
𝑍 = 0 (mod 2).

Z-type checks detect X components of errors, and X-type checks detect Z com-
ponents. A Y has both components. The seven-qubit Steane code is an [[7, 1, 3]]
CSS code built from the classical Hamming structure [35]. Unlike the three-
qubit bit-flip code, it corrects arbitrary single-qubit Pauli errors.
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17.7 Exercises

17.1. Give the syndrome of𝑋0𝑋2 in the repetition code and the result of single-
error recovery.
Solution / guidance

Both checks flip, giving 11. Recovery applies 𝑋1, leaving 𝑋0𝑋1𝑋2, a logical X
failure.

17.2. Do XZI and ZXI commute? What about XII and ZII?
Solution / guidance

The first pair has two local anticommutations and commutes. The second has one
and anticommutes.

17.3. Ten physical qubits have seven independent stabilizer generators. How
many logical qubits are encoded?
Solution / guidance

k=10−7=3, so the code space has dimension eight.

17.4. What arbitrary unknown-location errors can a distance-five code correct?
Solution / guidance

Up to two physical-qubit errors. Under an erasure model with known locations, it
can correct up to four erasures.

17.5. Why is measuring a parity safer than separately measuring both bits for
an encoded superposition?
Solution / guidance

Parity can be identical in both logical components, preserving their coherence
within the parity subspace. Separate measurements can distinguish the logical
components and reveal encoded information.



CHAPTER 18

Surface codes and decoding

Learning goals. Read a surface-code patch, calculate syndromes, distinguish
data and measurement errors, and interpret distance scaling with the correct
noise model.

18.1 Local checks encode nonlocal information
Surface codes arrange data qubits and local X- and Z-type parity checks on
a two-dimensional layout. Neighboring checks overlap on an even number of
data qubits, so they commute. Error strings create changes in nearby checks;
logical operators connect appropriate boundaries or wrap nontrivially around
the surface [37, 38].
A rotated planar distance-d patch with one measurement ancilla per indepen-
dent check has d² data qubits and d²−1 syndrome ancillas, totaling 2𝑑2 − 1.
Extra qubits may be needed for leakage removal, routing, surgery, or spare
capacity. This expression is a memory-patch count, not the physical size of an
entire useful logical computer.

18.2 A complete distance-three example
Number the nine data qubits row by row, 0–2 on top, 3–5 in the middle, 6–8 on
the bottom. The following eight independent commuting generators define the
patch used in the laboratory:

Check Data-qubit Pauli product

X0 𝑋0𝑋1
X1 𝑋1𝑋2𝑋4𝑋5
X2 𝑋3𝑋4𝑋6𝑋7
X3 𝑋7𝑋8
Z0 𝑍3𝑍6
Z1 𝑍0𝑍1𝑍3𝑍4
Z2 𝑍4𝑍5𝑍7𝑍8
Z3 𝑍2𝑍5

There are n=9 data qubits and r=8 independent checks, so k=1. Representa-
tives of logical operators are
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𝑋 = 𝑋0𝑋3𝑋6, 𝑍 = 𝑍0𝑍1𝑍2.
They commute with every check, anticommute with each other at their one
shared location, and have weight three. No weight-one or weight-two nontrivial
logical Pauli exists for this code, so its distance is three.

X0

X1

X2

X3

X-type check supports

0 1 2

3 4 5

6 7 8

Z0

Z1

Z2

Z3

Z-type check supports

0 1 2

3 4 5

6 7 8

Figure 18.1: The data-qubit layout and local supports of the distance-three
patch.

Worked syndrome. An X error on the center data qubit 4 anticommutes with
Z1 and Z2 and commutes with the remaining checks. A Z error on 4 anticom-
mutes with X1 and X2. A Y error has both effects. The syndrome contains
information about violated parity constraints, not the logical α and β.

18.3 A syndrome does not identify a unique error
If E and E’ differ by a stabilizer, they act identically on the code space and have
the same syndrome. If they differ by a nontrivial logical operator, they also have
the same syndrome but act differently on the logical information.
A decoder chooses a recovery R based on the syndrome and noise model. Suc-
cess requires RE to be a stabilizer (up to phase). Requiring R=E is unnecessarily
strict because stabilizer-equivalent corrections are equally successful. A zero
residual syndrome alone is insufficient: an undetected logical operator also has
zero syndrome.
The laboratory uses a minimum-weight Pauli recovery for this fixed patch with
perfect measurements and equal costs for X,Y,Z. This is a code-capacity teach-
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ing model. It is not a full circuit-level surface-code decoder or a maximum-
likelihood decoder accounting for degeneracy.

Laboratory L24 — Surface-code syndromes. Click data qubits to cycle through
I,X,Y,Z errors. Inspect all eight checks, the chosen minimum-weight recovery, and
the residual logical action. Try a full logical string and observe its zero syndrome.

18.4 Noisy checks require time as well as space
In a physical processor, a stabilizer measurement uses several gates and an
ancilla that can itself fail. A wrong readout can mimic a data error. Repeat-
ing checks lets a decoder distinguish persistent spatial changes from isolated
temporal changes.
A detector often compares check outcomes across consecutive rounds. Decod-
ing graphs then have both spatial and temporal edges. A chain of data and mea-
surement faults can connect boundaries in spacetime and cause logical failure.
Minimum-weight perfect matching is one important decoding approach; corre-
lated decoders, belief propagation, and learning-based methods address other
models or structures [39].
The syndrome circuit’s gate order matters. An ancilla fault can propagate to
multiple data qubits as a hook error. Scheduling must preserve the intended
effective distance. A stabilizer table alone does not specify a fault-tolerant ex-
traction circuit.

18.5 Thresholds are properties of complete protocols
Below a suitable physical-noise threshold, increasing code distance can reduce
logical error. A common illustrative scaling form is

𝑝𝐿 ≈ 𝐴 ( 𝑝
𝑝th

)
(𝑑+1)/2

.

Here p summarizes a specified noise model, 𝑝th depends on the code, circuit,
and decoder, and A is fitted or modeled. This is not a universal exact law. Dif-
ferent physical error types, biased noise, correlations, leakage, and finite-size
effects can change it.
If 𝑝/𝑝th = 0.1, increasing d by two reduces the model’s pL by ten. If
𝑝/𝑝th > 1, the same expression increases instead; extrapolating a favorable
below-threshold trend into that regime is invalid.
Google’s Willow work reported distance scaling below threshold for surface-
code memories, with a distance-seven logical error per cycle of approximately
0.143% and a suppression factor about 2.14 when increasing distance by two
[47]. The reported experiment used additional hardware beyond the bare patch

https://quantum-computing-2026.bensont.chatgpt.site/chapters/surface/#lab-surface
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and particular decoding methods. Its scope is a memory demonstration, not a
completed universal large-scale computation. The 2026 correction notice and
publication dates are recorded in Chapter 24.

18.6 Measuring progress toward a logical machine
Useful reports specify code distance, data and ancillary qubits, number of
rounds, state bases, decoder, acceptance fraction, error bars, and failure
metric. “Logical qubit” can refer to an encoded state, an error-detected state,
a repeatedly corrected memory, or a subsystem supporting logical operations.
These achievements should not be ranked by a single unqualified logical-qubit
count.
A real-time decoder also needs adequate throughput and manageable response
latency. A stream can have high throughput while each answer arrives several
cycles later. Some operations tolerate delayed Pauli-frame updates; others re-
quire a timely classical decision. This motivates the architecture discussion in
Chapter 19.
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18.7 Exercises

18.1. Find the syndrome of 𝑋0 in the patch.
Solution / guidance

It anticommutes only with Z1. All X checks commute with it, and the other Z sup-
ports exclude qubit 0.

18.2. Why does 𝑋 = 𝑋0𝑋3𝑋6 have zero syndrome?
Solution / guidance

It overlaps Z0 on two qubits and Z1 on two, and the other Z checks on zero. All
overlaps are even; X checks commute automatically.

18.3. Count bare data and syndrome qubits for d=5.
Solution / guidance

25 data plus 24 syndrome ancillas equals 49 physical qubits. Additional architec-
ture overhead is outside this count.

18.4. For A=0.1,p/pth=0.1, compare d=3 and d=7 in the illustrative model.
Solution / guidance

𝑑 = 3 gives 0.1(0.1)2 = 10−3; d=7 gives 0.1(0.1)4 = 10−5. The two distance
increments each supply a factor ten.

18.5. Does “all stabilizers +1 after recovery” prove success?
Solution / guidance

No. The residual may be a logical Pauli with zero syndrome. Compare the residual’s
logical commutation or an appropriate logical measurement.



CHAPTER 19

Fault-tolerant computation and
modern codes

Learning goals. Distinguish encoding from fault tolerance, propagate circuit
faults, understand logical operations and magic states, and compare code fam-
ilies without ignoring architectural costs.

19.1 Encoding alone is not fault tolerance
A code can correct certain data errors when encoding, syndrome measurement,
and recovery are perfect. A fault-tolerant protocol must tolerate faults inside
those operations too. One fault should not spread into an uncorrectable data
pattern faster than the protocol can identify and handle it.
CNOT propagation illustrates the issue:

𝑋𝑐 ↦ 𝑋𝑐𝑋𝑡, 𝑍𝑡 ↦ 𝑍𝑐𝑍𝑡,
𝑍𝑐 ↦ 𝑍𝑐, 𝑋𝑡 ↦ 𝑋𝑡.

An X on a control spreads forward to its target; a Z on a target spreads back
to its control under conjugation. An ancilla interacting with many data qubits
can therefore correlate faults. Verified ancillas, flag qubits, careful schedules,
or other constructions manage this propagation.
The threshold theorem states, under specified locality and noise assumptions,
that sufficiently low physical error permits arbitrarily accurate long computa-
tion with controlled overhead. It is an existence and scaling statement, not a
guarantee for arbitrary correlated noise or every engineering design [40].

19.2 Logical gates
A transversal gate acts separately on corresponding qubits of code blocks, lim-
iting error spread within a block. Some codes support transversal Clifford op-
erations; some support selected non-Clifford gates. A single finite-dimensional
error-correcting code cannot have an exactly universal set of transversal logical
gates under the usual assumptions [41].
Surface-code logical operations often use lattice surgery, braiding-like code de-
formations, or state injection. Lattice surgery measures joint logical parities by
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temporarily changing check boundaries. Multiple rounds are needed to distin-
guish data faults from faulty measurements. Joining two patches is not equiva-
lent to directly measuring and revealing each logical qubit.
A Pauli frame stores a classical record of inferred Pauli corrections instead of
immediately applying each physical correction. Later measurement results and
gates are interpreted accordingly. This can reduce physical operations, but
the frame must be updated correctly, particularly when non-Clifford operations
depend on it.

19.3 Magic states and a universal gate set
Clifford gates preserve stabilizer structure and are efficiently classically simu-
lable in the stabilizer setting. A universal fault-tolerant architecture needs a
non-Clifford resource. A common choice is

|𝑇 ⟩ = 𝑇 |+⟩ = |0⟩ + 𝑒𝑖𝜋/4|1⟩√
2

.

State injection combines an appropriate ancillary state, Clifford operations,
measurements, and corrections to implement a non-Clifford logical operation.
The exact circuit depends on conventions and architecture.
Magic-state distillation consumes multiple noisy ancillary states to produce
fewer states with lower error, under specified input-noise assumptions and ac-
ceptance criteria. For a standard idealized 15-to-1 protocol with independent
small input errors ε, the leading output error is approximately 35𝜖3. This scaling
is a protocol model, not the cost of a complete factory including faulty logical
gates [42].
A factory must also supply states quickly enough. An algorithm with low data-
qubit count but high T consumption can be dominated by factories. T-count
measures total consumption; T-depth measures sequential non-Clifford layers.
Parallel factories exchange extra qubits for reduced waiting time.

19.4 Quantum LDPC codes
A low-density parity-check code has checks of bounded weight and a bounded
number of checks touching each qubit in an asymptotic family. Quantum LDPC
constructions must also satisfy commutation. The existence of asymptotically
good families with constant encoding rate and distance proportional to block
size is a major theoretical result [43].
This does not imply a simple two-dimensional nearest-neighbor implementation
with the same overhead. Connectivity, syndrome circuits, decoder performance,
logical gates, and routing remain part of the problem.
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Bivariate bicycle codes provide concrete high-rate examples. Bravyi and col-
laborators analyzed low-overhead fault-tolerant memories, including a model
preserving twelve logical qubits with 288 physical qubits under stated circuit-
noise assumptions [44]. This is an analyzed protocol and connectivity proposal;
it is not evidence that every 288-qubit chip supplies twelve equally capable
fault-tolerant logical qubits.

19.5 Other code families
Color codes place checks on suitably colored lattices and can support attrac-
tive transversal logical operations. Their check weights, thresholds, and con-
nectivity differ from surface codes. A favorable gate property can trade against
measurement complexity or noise tolerance.
Subsystem codes introduce gauge degrees of freedom. Measuring smaller
gauge operators can infer stabilizers without preserving the gauge state. The
protected information is in a subsystem, not necessarily the full common
eigenspace of every measured operator. Bacon–Shor codes are an instructive
example.
Bosonic codes encode in an oscillator’s larger Hilbert space. Cat codes use
superpositions of separated oscillator states and may exploit biased noise.
GKP codes use grid-like phase-space structure to diagnose small displace-
ments. Finite-energy states, loss, imperfect controls, and ancillary hardware
determine practical performance [45, 46].
Erasure-aware and loss-biased schemes use knowledge of where a qubit or
photon was lost. A known location is more informative than an unknown Pauli
error. But identifying loss can itself require reliable measurement and replace-
ment, and a lost atom during an entangling operation may affect partners.
No code is “best” independently of a hardware and computation model. Com-
pare physical costs for the same logical workload, accuracy, connectivity, and
time.

19.6 A ladder of experimental claims
An encoded state is the first step. Detecting faults and discarding bad runs
is stronger but has an acceptance cost. Repeated correction must preserve
information through many rounds. A logical operation must be compared at
matched task conditions. Universal, scalable fault-tolerant computation adds
non-Clifford resources, long-duration stability, and integrated classical control.
Recent neutral-atom and trapped-ion experiments demonstrate different pieces
of this ladder [49, 50]. Their significance should be assessed by the demon-
strated operations, postselection, error suppression, and assumptions, rather
than collapsing all progress into an undifferentiated logical-qubit count.
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19.7 Exercises

19.1. An X fault occurs on an ancilla that controls CNOTs to three data qubits.
What risk follows?

Solution / guidance

The X can propagate to each later target, creating a correlated multi-data error. A
safe extraction design must prevent, flag, or decode that pattern.

19.2. With ε=0.01, evaluate the ideal leading 15-to-1 output estimate.
Solution / guidance

35(0.01)3 = 3.5 × 10−5. The result excludes higher-order terms, logical circuit
faults, rejection probability, and full factory cost.

19.3. Why can a high-rate code still have large total hardware overhead?
Solution / guidance

Encoding rate counts data qubits per logical qubit. Syndrome ancillas, routing,
connectivity devices, factories, spare qubits, and operation schedules add costs.

19.4. Distinguish a logical memory benchmark from a universal-computation
benchmark.
Solution / guidance

A memory preserves encoded information. Universal computation must also imple-
ment a sufficient logical gate set, manage propagation and classical feed-forward,
and supply non-Clifford resources with controlled total error.

19.5. Why should accepted logical fidelity be reported with acceptance proba-
bility?
Solution / guidance

Postselection can make accepted runs accurate while most attempts are discarded.
Acceptance determines throughput and success per attempt, and affects fair
physical-versus-logical comparisons.



CHAPTER 20

Resource estimation: from
circuits to machines

Learning goals. Allocate a failure budget, choose a code distance under as-
sumptions, include non-Clifford throughput, and interpret dated architecture
estimates.

20.1 Begin with a workload, not a qubit count
A useful resource estimate specifies the algorithm, input size, target observable
or answer, numerical precision, allowed failure probability, logical circuit, com-
pilation strategy, hardware model, error-correction protocol, and elapsed-time
target. Omitting one can change the result by orders of magnitude.
Distinguish data logical qubits from temporary workspace, routing regions, and
magic-state factories. Distinguish logical gate count, depth, and runtime. A
“logical qubit” is not a universal conversion unit with a fixed physical cost.

20.2 A failure budget
Suppose an algorithm has L relevant fault locations, each with failure probabil-
ity at most pL. The union bound gives

Pr(at least one failure) ≤ 𝐿𝑝𝐿.
It does not require independence. It can be loose and assumes the locations
and per-location risks are correctly defined. If independent identical events
are assumed, the exact probability is 1 − (1 − 𝑝𝐿)𝐿.
For total failure target ε, a conservative allocation is 𝑝𝐿 ≤ 𝜖/𝐿. With 𝐿 = 108

and ε=0.01, the required per-location error is at most 10−10. A physical gate
fidelity that looks excellent in isolation can therefore still be far from sufficient
for a long algorithm.
Multiple error sources need a shared budget. For example, allocate ε among
memory, logical Clifford operations, magic states, algorithmic approximation,
and measurement inference. The allocation can be optimized; simply ignoring
several components understates the risk.
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20.3 Solve an illustrative distance requirement
Use the explicitly assumed model

𝑝𝐿 = 𝐴(𝑝/𝑝th)(𝑑+1)/2.
For p<pth, requiring 𝐿𝑝𝐿 ≤ 𝜖 gives

𝑑 + 1
2 ≥ ln(𝜖/(𝐿𝐴))

ln(𝑝/𝑝th)
,

where dividing by the negative denominator reverses the intermediate inequal-
ity. Thus choose the smallest supported odd d satisfying

𝑑 ≥ 2 ln(𝜖/(𝐿𝐴))
ln(𝑝/𝑝th)

− 1.

Worked estimate. Let A=0.1,p=0.001,pth=0.01,L=108, and ε=0.01. Then
ε/(LA)=10−9 and p/pth=10−1, giving (𝑑 + 1)/2 ≥ 9, so d=17. A bare rotated
patch uses 2(17)2 − 1 = 577 physical qubits.
For 100 data logical patches alone, that is 57,700 physical qubits. It omits fac-
tories, routing, spare capacity, leakage-removal hardware, and architecture-
specific overhead. The numerical result is an educational model, not a predic-
tion for a named processor.

20.4 Time and throughput
If a logical operation uses approximately d code cycles and the cycle time is τ, a
depth-D sequential schedule takes roughly Ddτ. This is only a stated schedule
model. Some operations have different costs, some run in parallel, and decod-
ing or communication can add delays.
Suppose D=106,d=17,τ=1 microsecond. The model gives 17 seconds. If an
algorithm consumes 108 magic states and factories jointly produce 105 per sec-
ond, factory supply alone requires at least 1,000 seconds unless buffered or
overlapped with other work. The longer bottleneck dominates an optimistic
total schedule.
Classical control also matters. Syndrome streams must be decoded at suffi-
cient throughput. A non-Clifford feed-forward decision may impose a latency
constraint even when average throughput is adequate. Cooling, calibration,
retries, loading, and interconnect heralding can reduce available duty cycle.

Laboratory L25 — Physical and logical resources. Adjust physical error, as-
sumed threshold and prefactor, distance, logical patches, operation locations, cy-

https://quantum-computing-2026.bensont.chatgpt.site/chapters/resources/#lab-resources
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cle time, and depth. Inspect failure bounds, bare patch count, and schedule time.
Values above threshold are identified as outside the favorable scaling regime.

20.5 Comparing contemporary estimates
Gidney and Ekerå’s 2021 study estimated RSA-2048 factoring in eight hours us-
ing about twenty million noisy qubits under a specified superconducting-style
architecture [51]. Gidney’s 2025 analysis estimated fewer than a million noisy
qubits and less than a week with different arithmetic and error-correction ar-
rangements, while retaining stated assumptions including a 0.1% gate error
and one-microsecond code cycle [52].
The March 2026 Cain et al. preprint analyzes reconfigurable atomic architec-
tures with high-rate codes and argues that cryptographically relevant Shor in-
stances may be possible at much smaller physical counts [53]. Its headline
count must be read alongside the targeted instance, gate times, connectivity,
memory, decoding, and runtime assumptions. A small qubit estimate and a fast
estimate are not necessarily the same estimate.
These studies are estimates, not demonstrated attacks. Improvements can arise
from algorithms, coding, architecture, and scheduling, so extrapolating a single
old qubit number as an immutable requirement is scientifically inappropriate.
Equally, quoting only the smallest new headline count hides essential condi-
tions.

20.6 Sensitivity and uncertainty
Resource inputs have uncertainty and may not remain stable as a machine
scales. A pL model calibrated on small patches may encounter correlated-error
floors, fabrication defects, or decoder limitations. Hardware errors differ by
gate, qubit, context, and time. A scalar p is a simplification whose adequacy
must be assessed.
A good estimate varies uncertain parameters and identifies what drives the re-
sult. If halving physical error reduces distance and factory overhead dramati-
cally, improving fidelity may matter more than adding raw qubits. If the work-
load is communication-limited, faster local gates alone may have little effect.
Avoid false precision. A model producing 57,700 qubits does not imply engi-
neering certainty to the last hundred. Report the model, rounded conclusions,
and sensitivity range. Detailed spreadsheets or scripts are useful because they
make assumptions inspectable and replaceable.
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20.7 Exercises

20.1. For L=107 and ε=0.001, what per-location error suffices by the union
bound?
Solution / guidance

𝑝𝐿 ≤ 10−3/107 = 10−10.

20.2. Count bare rotated-patch qubits at d=9 and d=11.
Solution / guidance

2(9)2 − 1 = 161 and 2(11)2 − 1 = 241. Increasing distance changes cost quadrati-
cally even though favorable logical suppression can be exponential in distance.

20.3. An estimate counts ten data logical qubits and ignores twenty factory
patches. How much does including those equal-sized patches change its patch
qubit count?
Solution / guidance

The count triples from ten to thirty patches. Other overheads may still remain.

20.4. Why is a per-cycle logical error not directly comparable to a per-gate
physical error?
Solution / guidance

The tasks, durations, operations, and error channels differ. A fair comparison de-
fines the same information-processing task and includes the full physical resources
and timing.

20.5. If the physical error exceeds the threshold, does increasing d in the illus-
trative formula help?
Solution / guidance

No. The ratio p/pth exceeds one, so the modeled error grows with distance. More-
over the simple below-threshold approximation may be unreliable there.



CHAPTER 21

Physical qubits, control, and
hardware benchmarks

Learning goals. Compare physical encodings, identify control and scaling bot-
tlenecks, and read performance metrics without treating qubit count as a com-
plete measure.

21.1 An abstract qubit needs a physical boundary
Amathematical qubit is a two-dimensional system. A physical device usually has
more states, interacts with an environment, and requires preparation, gates,
measurement, and reset. An implementation chooses two usable states or an
encoded subspace and controls unwanted couplings.
A complete processor includes the qubits, control electronics or optics, read-
out, classical processors, calibration, packaging, interconnects, and thermal or
vacuum infrastructure. Counting only the quantum elements understates the
engineering system.
Gate-based digital computation, analog quantum simulation, annealing, and
photonic sampling devices expose different operations. Results from one model
cannot be ranked directly against another without a common task. A large ana-
log array is not automatically a universal circuit computer, although analog
systems can be valuable scientific instruments.

21.2 Superconducting circuits
Superconducting qubits use nonlinear electrical circuits, commonly incorporat-
ing Josephson junctions. A transmon reduces sensitivity to charge noise while
retaining enough anharmonicity to address two levels. Microwave pulses imple-
ment rotations; couplers or shared circuit elements produce entangling gates;
resonators assist dispersive readout [54, 55].
Key concerns include energy relaxation, dephasing, leakage into higher levels,
residual couplings, calibration drift, fabrication variation, and correlated distur-
bances. Cryogenic packaging and wiring must scale without introducing exces-
sive heat or noise. Fast gates permit short code cycles but impose demanding
classical decoding throughput.
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A reported T1 or T2 is measured under a particular protocol. It does not di-
rectly predict all gate errors in a busy processor. Simultaneous-operation per-
formance, leakage removal, readout, reset, and stability across many rounds
matter for error correction.

21.3 Trapped ions
Ions encode qubits in internal atomic levels and are confined using electromag-
netic fields. Laser or microwave interactions control individual qubits. Shared
motional modes or controlled transport mediate entanglement; fluorescence
provides state-dependent readout [56].
Identical atomic species offer reproducible transitions and long-lived internal
states. Scaling requires control over motional heating, optical addressing,
transport, mode crowding, crosstalk, and measurement while protecting other
qubits. A quantum charge-coupled device architecture moves ions among
zones for storage, gates, and readout.
The 2026 Helios paper describes a 98-qubit trapped-ion processor with all-to-
all connectivity [59]. That connectivity is an architectural capability, not a
statement that all pairs can perform independent gates simultaneously at zero
transport or scheduling cost. The publication should be consulted for the exact
benchmark circuit, fidelities, and timing.

21.4 Neutral atoms
Optical tweezers trap individual neutral atoms. Hyperfine, nuclear-spin, or
other internal levels can encode qubits; interactions involving excited Rydberg
states can produce entangling gates. Arrays may be rearranged, giving connec-
tivity options different from fixed nearest-neighbor chips [57].
Atom loss, loading, transport, laser stability, Rydberg-state lifetime, crosstalk,
and mid-circuit measurement are important. An array can trap many coher-
ent atoms before demonstrating universal gates and error-corrected operations
across all of them. Those are distinct milestones.
Bluvstein and collaborators’ work in a 2026 Nature issue used arrays of up
to 448 atoms to investigate repeated correction, logical operations, and qubit
reuse [49]. Its online publication preceded its issue date. Chapter 24 separates
the demonstrated circuit scope from the larger architecture it motivates.

21.5 Photonics
Photonic qubits can use polarization, paths, time bins, or other optical degrees
of freedom. Photons are natural communication carriers. Linear optics, inter-
ference, detection, ancillary photons, feed-forward, nonlinearities, and encoded
resource states enable different computational architectures.
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The principal challenge is often loss: source efficiency, coupling, propagation,
switching, and detection all contribute. Indistinguishability and phase stability
are also essential. A probabilistic entangling primitivemay requiremultiplexing
or a larger resource-state architecture to achieve useful logical throughput.
Modular photonic experiments study how components and networks can be as-
sembled into larger systems [60]. A component crossing one modeled thresh-
old is not the same as a complete fault-tolerant processor crossing all required
thresholds simultaneously.

21.6 Semiconductor spins and other approaches
Electron or nuclear spins in semiconductor devices can use electrically con-
trolled confinement, exchange interactions, and spin-selective readout. Their
small physical footprint and relation to semiconductormanufacturing are attrac-
tive. Uniformity, charge noise, addressability, valley or orbital states, cryogenic
control, and interconnects remain practical issues [58].
Defect centers combine localized spin memories with optical interfaces and
are useful in networking and sensing. Bosonic encodings use oscillator states
rather than a single two-level element. Topological approaches seek protection
from nonlocal degrees of freedom, but demonstrating a particular parity signal
is not by itself a demonstration of protected non-Abelian logical computation.
A 2025 Microsoft-associated paper reported interferometric parity measure-
ment in hybrid devices [61]. Interpretation and diagnostic robustness have
been disputed in subsequent research [62]. This book does not treat a com-
pany announcement or a candidate signature as settled evidence of a scalable
topological computer.

21.7 Compare bottlenecks, not a universal winner

Platform Typical information carrier
Important system
questions

Superconducting Engineered circuit levels Coherence, leakage,
fabrication, wiring, fast
feedback

Trapped ion Internal atomic levels Motion, transport,
addressing, parallelism

Neutral atom Trapped-atom internal
levels

Loss, rearrangement,
entangling control, reuse

Photonic Optical modes or encoded
states

Loss, sources, detectors,
switching, feed-forward

Semiconductor spin Confined electronic or
nuclear spin

Uniformity, noise, control
integration, connectivity
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Platform Typical information carrier
Important system
questions

Bosonic / hybrid Encoded oscillator or
coupled degrees

Encoding-specific errors,
control, ancillas, readout

These are representative concerns, not fixed rankings. Different platforms can
be suitable for different workloads, and improvements in one component may
shift the dominant bottleneck elsewhere.

21.8 What a benchmark measures
Gate fidelity compares a realized operation with a target according to a defined
averaging convention. It is not the probability every gate is independently per-
fect. Randomized benchmarking fits decay under random gate sequences
to infer parameters under assumptions about errors and SPAM. Process to-
mography reconstructs a channel with greater measurement cost and model
sensitivity. Cross-entropy benchmarking and related sampling metrics tar-
get particular distributions and depend on calibration and theoretical assump-
tions.
Quantum volume, circuit-layer metrics, algorithmic benchmarks, and logical-
error rates summarize different tasks. A number without the circuit family,
statistical uncertainty, acceptance policy, and runtime definition is incomplete.
Error bars should describe how uncertainty was estimated; repeated calibra-
tion may reveal drift larger than simple shot uncertainty.
A practical comparison asks for the same task, target accuracy, success proba-
bility, total time, and relevant classical baseline. “Advantage” can mean a sam-
pling benchmark, a scientific computation, or economically useful performance.
The word should be qualified.
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21.9 Exercises

21.1. A device traps 6,000 atoms but demonstrates entangling gates on a sub-
set. What can its atom count establish?
Solution / guidance

It establishes a trapping-scale milestone under the reported conditions. It does not
alone establish 6,000 universally controllable or logical qubits.

21.2. Why is a long idle coherence time insufficient to predict logical perfor-
mance?
Solution / guidance

Logical operation includes gates, readout, reset, leakage management, crosstalk,
and decoding. Their errors and correlations may dominate idle decoherence.

21.3. Does all-to-all connectivity mean constant-depth arbitrary all-pairs com-
putation?
Solution / guidance

No. Shared resources, transport, addressing, and gate scheduling can constrain
simultaneous operations.

21.4. Why can a photonic design with excellent gate components still have poor
end-to-end success?
Solution / guidance

Efficiencies multiply across sources, coupling, propagation, switching, and detec-
tion. Loss and probabilistic preparation can dominate the complete protocol.

21.5. What should accompany a claim of improved logical fidelity after postse-
lection?
Solution / guidance

The acceptance fraction, attempted and accepted shot counts, matched baseline,
circuit depth, noise conditions, uncertainty, and any discarded event criteria.



CHAPTER 22

Quantum networks, BB84, and
post-quantum cryptography

Learning goals. Separate entanglement distribution from classical commu-
nication, derive intercept–resend disturbance, and distinguish QKD from post-
quantum cryptography.

22.1 Networks distribute a quantum resource
A quantum network connects systems using quantum channels and classical
coordination. It may distribute entanglement for teleportation, remote gates,
sensing, or key distribution. It does not permit faster-than-light communication.
Classical messages remain necessary for heralding, synchronization, correction
information, and authenticated protocol steps.
Optical attenuation limits direct transmission. Ordinary repeaters cannot am-
plify arbitrary unknown quantum states by cloning. Quantum repeaters instead
combine entanglement generation, memories, entanglement swapping, and, de-
pending on the architecture, purification or error correction [64, 65].
Entanglement swapping starts with Bell pairs AB and CD. A Bell-basis measure-
ment on BC projects the distant pair AD into a Bell state determined by the
measurement result. Communicating the result identifies the Pauli correction.
Entanglement need not have existed directly between A and D beforehand.
A remote gate can be constructed using shared entanglement and local opera-
tions with feed-forward. Main and colleagues demonstrated distributed quan-
tum computation across an optical link between modules in 2025 [66]. This is
a concrete interconnect experiment, not an already deployed general-purpose
quantum internet.

22.2 BB84 prepares incompatible alternatives
Alice chooses a random bit a and a random basis, Z or X. She sends |0⟩ or |1⟩
for Z, and |+⟩ or |−⟩ for X. Bob independently chooses Z or X and measures.
Over an authenticated classical channel they announce bases, keeping only
matching-basis positions. They do not publicly announce every retained bit.
With uniform independent basis choices, about half the signals survive this sift-
ing step. In an ideal noiseless channel, matching bases give equal bits [67].
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They sacrifice a subset to estimate errors, perform information reconciliation,
account for information leaked during reconciliation, and apply privacy ampli-
fication. Authentication is essential; without it an attacker could conduct sepa-
rate sessions with both parties.

22.3 Derive the intercept–resend error
Suppose Eve intercepts every signal, independently chooses Z or X, measures,
and sends the resulting state to Bob. Condition on Alice and Bob choosing the
same basis.
Eve chooses that basis with probability 1/2, introducing no error. With proba-
bility 1/2, she chooses the conjugate basis. Bob’s result is then random relative
to Alice’s, giving error probability 1/2. Therefore

𝑄 = 1
2(0) + 1

2 (1
2) = 1

4.

If Eve attacks a fraction e of signals, the ideal sifted QBER is e/4. Add an in-
dependent bit flip with probability q after the measurement. Combining XOR
error events gives

𝑄total = 𝑞 + 𝑒
4 − 2𝑞 𝑒

4 = 𝑞 + (1 − 2𝑞)𝑒
4.

The subtraction accounts for two flips canceling. Adding error probabilities
without accounting for overlap is only a small-error approximation.
The 25% result concerns this specific attack. It is not a universal threshold
guaranteeing security against all adversaries, nor does a low observed QBER
prove the absence of side channels [68].

Laboratory L26 — BB84 transmission. Change intercepted fraction, teaching
noise, signal count, and seed. Inspect preparation and measurement bases, sifted
bits, and QBER. Export the complete simulated transcript.

22.4 From raw correlation to a secret key
An idealized asymptotic single-photon BB84 analysis with suitable symmetric
assumptions yields a secret fraction per sifted bit of

𝑟 ≥ 1 − 2ℎ2(𝑄), ℎ2(𝑄) = −𝑄 log2 𝑄 − (1 − 𝑄) log2(1 − 𝑄).
One term accounts for reconciliation and the other for privacy reduction in the
ideal bound. The expression becomes zero near Q≈11%. Real finite-key analy-
ses include parameter-estimation uncertainty, imperfect reconciliation, authen-

https://quantum-computing-2026.bensont.chatgpt.site/chapters/networks/#lab-bb84
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tication costs, loss, source assumptions, and a composable security parameter
[69].
This formula is not a software recipe for production security. The browser uses
it only to illustrate the difference between sifted correlation and asymptotic
secret fraction. It does not generate a certified secure key.
Weak coherent laser pulses can contain multiple photons. Decoy-state methods
help bound relevant contributions under a source model. Detector imperfec-
tions and implementation attacks motivate techniques such as measurement-
device-independent QKD. Device-independent protocols use Bell tests under
demanding assumptions; a simulated CHSH violation is not a security proof
for a physical device.

22.5 QKD and PQC address different layers
Quantum key distribution uses quantum signals plus authenticated classical
communication to establish key material with a security proof under physical
and protocol assumptions. It requires suitable quantum hardware and chan-
nels.
Post-quantum cryptography (PQC) consists of classical algorithms designed
to resist known classical and quantum attacks. It can be deployed on ordi-
nary computing and communication systems. It does not require a quantum
link. Neither “post-quantum” nor “quantum-safe” means security against every
imaginable future mathematical discovery.
NIST finalized FIPS 203 (ML-KEM), FIPS 204 (ML-DSA), and FIPS 205 (SLH-
DSA) in August 2024 [70]. ML-KEM is a key-encapsulation mechanism, not an
encryption mode for arbitrary bulk data. ML-DSA and SLH-DSA are signature
schemes. Correct protocol integration, implementations, and key management
remain necessary.
Shor threatens the mathematical problems underlying widely used RSA and
elliptic-curve systems at sufficient fault-tolerant scale. Grover changes generic
search costs andmotivates appropriate symmetric-security parameters, but it is
not an immediate break of all symmetric encryption. Migration planning must
consider long-lived confidential data that may be recorded now and attacked
later; this is different from asserting that a cryptographically capable quantum
machine already exists.
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22.6 Exercises

22.1. With 2,000 ideal signals and independent uniform basis choices, what is
the expected sifted count?
Solution / guidance

1,000. Actual counts fluctuate binomially; the expectation is not a guaranteed exact
total.

22.2. If Eve attacks 40% of signals with intercept–resend, find ideal QBER.
Solution / guidance

0.4/4 = 0.1, or 10%.

22.3. Add independent teaching bit flips q=0.02 to the previous case.
Solution / guidance

𝑄 = 0.02 + (1 − 0.04)(0.1) = 0.116, or 11.6%. Simple addition would give 12%,
ignoring cancellations.

22.4. Why can Alice and Bob not publish all sifted bits while keeping them as
a secret key?
Solution / guidance

Publishing reveals them to an adversary. Only a sacrificed sample is opened for
estimation; reconciliation leakage must also be accounted for.

22.5. Match ML-KEM, ML-DSA, and BB84 to their roles.
Solution / guidance

ML-KEM: classical key encapsulation designed for post-quantum security. ML-DSA:
classical digital signatures designed for post-quantum security. BB84: quantum-
signal key distribution with authenticated classical processing.



CHAPTER 23

Programming reproducible
quantum experiments

Learning goals. Run current local Qiskit workflows, convert wire conven-
tions, separate sampling from exact simulation, and prepare reproducible ex-
periments.

23.1 A program is an executable specification
A circuit diagram leaves choices that software must make explicit: register
ordering, preparation, parameter units, measurement placement, classical-bit
mapping, shot count, random seed, noise model, and output interpretation.
These choices should travel with an experiment.
The accompanying Python examples useQiskit 2.5.2 andwere executed during
this edition’s validation. This is the tested version, not a promise that it will
remain the latest release. The official documentation consulted at the research
cutoff uses the modern V2 primitive interfaces [71, 72, 73].
Create an isolated environment and install the pinned dependency:

python -m venv .venv
# Activate the environment using your operating system's command.
python -m pip install qiskit==2.5.2
python qiskit_examples.py

The web chapter links to the actual script and requirements file. All examples
run locally without an account, hardware reservation, API key, or cloud charge.
The complete executable examples and pinned requirements accompany this
chapter. Run python qiskit_examples.py in the environment above; the script
asserts the basis, ordering, Bell-state, estimator, and channel identities before
printing results.

23.2 Exact state-vector calculations
import numpy as np
from qiskit.quantum_info import Statevector, Pauli

psi = Statevector(np.array([2, 3j]) / np.sqrt(13))
for axis in ("X", "Y", "Z"):
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expectation = psi.expectation_value(Pauli(axis)).real
print(axis, expectation)

Expected values are 0,12/13,−5/13. These are exact simulator expectations up
to floating-point error, not estimates from finite measurements. State-vector
simulation should omit measurement instructions when the desired object is a
coherent state before readout.
A Bell circuit is equally direct:

from qiskit import QuantumCircuit
from qiskit.quantum_info import DensityMatrix, partial_trace

bell = QuantumCircuit(2)
bell.h(0)
bell.cx(0, 1)
state = Statevector.from_instruction(bell)
reduced = partial_trace(DensityMatrix(state), [1])
print(reduced.data)

The reduction is I/2. In Qiskit, the argument lists subsystems to trace out,
not retain. The Bell example is symmetric; use asymmetric examples to test
ordering.

23.3 Convert wire conventions deliberately
This book displays |𝑞0𝑞1 ⋯ 𝑞𝑛−1⟩ with q0 most significant. Qiskit state-vector
indices give its qubit 0 the least significant weight. To preserve the book’s
displayed wire labels, map book wire j to Qiskit wire n−1−j.
For three qubits, applying X to book q0 is:

asymmetric = QuantumCircuit(3)
asymmetric.x(2) # book q0 maps to Qiskit wire 2
assert np.argmax(Statevector.from_instruction(asymmetric).probabilities())

== 4↪

Index four is binary 100 in both displayed integer conventions after this map-
ping. A Bell state alone would not expose a reversed-order mistake.
Classical measurement registers also have display conventions. Name them,
record the qubit-to-classical-bit mapping, and inspect an asymmetric known
state before interpreting a histogram.

23.4 Finite shots with a V2 sampler
from qiskit.primitives import StatevectorSampler

measured = bell.copy()
measured.measure_all()
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sampler = StatevectorSampler(seed=2026)
result = sampler.run([measured], shots=2048).result()
counts = result[0].data.meas.get_counts()
print(counts)

Only 00 and 11 should occur in this ideal example, with frequencies near one
half. The default classical register created bymeasure_all is namedmeas, which
is why the result path uses that name. A circuit with a differently named register
needs the corresponding data field.
StatevectorSampler implements a local pure-state sampler and does not sup-
port mid-circuit measurements. A dynamic circuit needs a simulator or backend
supporting its actual control flow. Removing an intermediate measurement to
make code run changes the experiment and can change its answer.

23.5 Estimators and observables
V2 estimator primitives accept a circuit and observable specification. A local
StatevectorEstimator can compute expectations of Pauli-sum observables:

from qiskit.primitives import StatevectorEstimator
from qiskit.quantum_info import SparsePauliOp

observable = SparsePauliOp.from_list([("XX", 1.0), ("ZZ", 1.0)])
value = StatevectorEstimator().run([(bell,

observable)]).result()[0].data.evs↪
print(value) # 2.0 for the ideal Bell state

A hardware estimator has sampling, compilation, and service-specific options.
The local exact value is a validation reference, not evidence that a physical
processor will return it without uncertainty.
For hardware work, map the logical circuit to the target’s instruction set and
connectivity, transform observables consistently with any layout, inspect the
compiled depth and operations, then execute with explicit shots or precision.
The current provider documentation governs credentials, supported modes,
and costs. No cloud submission is needed for this textbook’s reproducible
examples.

23.6 Other tools in the ecosystem

Tool / interface Useful role What to verify

Qiskit Circuit construction,
quantum information,
compilation, primitives

Version, register order,
target instructions, V2
result shapes
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Tool / interface Useful role What to verify

Cirq Circuit and device
modeling, state-vector and
density simulation

Qubit order, supported
operations and noise

PennyLane Differentiable quantum
circuits and hybrid
workflows

Device, interface, gradient
assumptions, shots

Stim Large stabilizer circuits
and detector models

Clifford restrictions and
detector semantics

OpenQASM 3 Circuit-level language with
classical control
constructs

Supported subset and
backend execution
semantics

These descriptions follow official technical documentation [74, 75, 32, 76]. A
language supporting a feature does not imply every backend implements it.
Cross-platform conversion can lose timing, control-flow, or noise semantics.

23.7 A reproducibility record
Save the source circuit, dependency versions, backend or simulator identity,
compilation options, layout, noise equations, shots, seeds, raw results, and the
analysis code. Hardware calibrations change; a backend name alone is insuffi-
cient.
Validate small cases before scaling. Check normalization, known basis outputs,
unitary inverses, analytical probabilities, and ordering conversions. Compare
independent implementations where possible. A shared bug can pass a test
that merely repeats the implementation’s formula, so use known identities and
independent libraries.
A random seed makes a software experiment repeatable within its stated imple-
mentation; it does not make a physical device’s measurement outcomes deter-
ministic. A change of library version can also change a pseudorandom stream
or transpilation result while preserving correct distributions.
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23.8 Exercises

23.1. Which Qiskit wire represents book q1 in a four-qubit register under the
mapping?
Solution / guidance

Wire 4 − 1 − 1 = 2.

23.2. Why should the exact Bell-state expectation of XX+ZZ be two?
Solution / guidance

The Bell state is a +1 eigenstate of both XX and ZZ, so their expectations sum to
two.

23.3. Can the local StatevectorSampler example execute teleportation with
intermediate measurements and feed-forward?
Solution / guidance

No. Use a compatible dynamic-circuit simulator or a branch-by-branch mathemat-
ical calculation. The browser teleportation lab computes all conditioned branches
explicitly.

23.4. Why pin package versions if the formulas are timeless?
Solution / guidance

APIs, result containers, supported operations, and compilation behavior change.
Pinning separates mathematical reproducibility from software-interface drift.

23.5. Name a stronger ordering test than a Bell histogram.
Solution / guidance

Prepare an asymmetric basis state such as book |100⟩, map its wires explicitly, and
verify its integer index and measurement-string interpretation.



CHAPTER 24

Reading the experimental
frontier in 2026

Learning goals. Classify current claims, connect experiments to the theory
already learned, and identify what evidence would strengthen or weaken a con-
clusion.

24.1 A dated scientific snapshot
Research cutoff: 5 September 2026. This chapter collects selected primary
evidence relevant to an introductory course. It is not a league table or a cen-
sus of every announcement. The purpose is to connect mathematical and engi-
neering concepts to inspectable results while keeping the limits of each claim
visible.
The references distinguish a journal article from its earlier preprint and online
date from issue year. Where full text was inaccessible, the scope below is re-
stricted to the accessible primary abstract or official record. The source notes
identify those cases. No figure or experimental dataset in this chapter is a fab-
ricated measurement.

24.2 Error suppression and logical operations
Experiment: a below-threshold surface-code memory. Google Quantum
AI’s Willow study was published online on 9 December 2024 and appeared in
Nature 638 (2025). It reported distance-dependent logical suppression and a
distance-seven memory beyond its physical-memory comparison. The publisher
lists an author correction dated 28 April 2026; it fixes repetition-code axis and
legend labels in Figure 3a, and the updated article and correction were con-
sulted [47, 48]. Chapter 18 discusses the reported per-cycle metric. Scaling
a memory establishes an important component, while universal operations and
sustained large computations add further requirements.
Experiment: neutral-atom logical architecture. Bluvstein et al.’s article
appeared online on 10 November 2025 and in Nature 649 (2026). Its accessi-
ble primary abstract describes repeated surface-code characterization, logical
entangling operations, teleportation-based logic, and mid-circuit reuse in re-
configurable arrays [49]. The evidence supports demonstrated architectural
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components under the reported circuits. It does not establish unlimited-depth
operation or practical advantage for arbitrary applications.
Experiment with correction and detection. Paetznick et al., published 10
June 2026, reported logical error improvements ranging from 11-fold to 800-
fold relative to several physical circuit baselines on a trapped-ion QCCD device.
The work combines correction, detection, and postselection [50]. The accessi-
ble journal abstract was used here. The improvement factors must therefore
be interpreted with the different baselines and acceptance conditions; they are
not a universal multiplier applicable to every algorithm.
These studies demonstrate why the distinction among encoding, detection, cor-
rection, memory, and logical gates matters. A single word such as “logical”
cannot carry the whole experimental specification.

24.3 Hardware scale and benchmark scope
Experiment: a 98-qubit trapped-ion processor. The Helios article was pub-
lished online on 17 June 2026 [59]. Its reported all-to-all architecture is a physi-
cal platform result. This book uses the primary publication record and preprint
as a platform reference, rather than treating the qubit count as evidence for a
particular large algorithm’s runtime.
Experiment: modular photonics. Aghaee Rad and collaborators’ 2025 work
investigates a modular photonic architecture and networking [60]. The im-
portant lesson is system composition: sources, optical components, detection,
switching, and loss must work together. An architecture experiment is different
from a complete useful fault-tolerant application.
Experiment: networked processing. Main et al.’s 2025 optical-link study
connects trapped-ion modules and demonstrates distributed operations [66].
Teleportation and feed-forward become concrete engineering tools. A success-
ful laboratory link does not by itself provide a scalable wide-area quantum net-
work.
Experiment and classical comparison: many-body interference. Google’s
October 2025 Nature paper studies interference in quantum dynamics and as-
sociated classical simulation difficulty, often discussed under the “Quantum
Echoes” name [63]. Such a result must be read with its observable, circuit fam-
ily, accuracy, and comparison algorithm. The paper’s benchmark claim does
not imply that every quantum circuit is difficult to simulate or that every appli-
cation now has an advantage.

24.4 Conditional resource estimates
Preprint / theory: revised RSA resources. Gidney’s 21 May 2025 preprint
analyzes a different space–time tradeoff for RSA-2048 factoring [52]. Its hard-
ware assumptions include a square-grid architecture, specified gate error, code-
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cycle time, and classical response time. Chapter 20 compares its scope with the
peer-reviewed 2021 estimate. These are architecture analyses, not observed
cryptographic attacks.
Preprint / theory: reconfigurable-atom resources. Cain et al.’s 30 March
2026 preprint explores high-rate coding and reconfigurable atomic architec-
tures [53]. Its abstract describes cryptographically relevant instances at ap-
proximately ten-thousand-qubit scales; a 26,000-qubit scenario is associated
with a few-day P-256 discrete-log estimate, whereas RSA-2048 is one to two or-
ders of magnitude slower under its assumptions. The workloads and tradeoffs
must remain attached to the numbers.
This distinction is especially important when a title’s smallest qubit count is
repeated without its runtime or target cryptosystem. An improved theoretical
estimate can change planning priorities while still requiring substantial unbuilt
engineering.

24.5 Disputed interpretations and company announce-
ments

Microsoft-associated hybrid-device parity measurements have prompted scien-
tific debate about what the diagnostic evidence establishes [61, 62]. This text
describes the measurement work and the existence of a technical challenge to
its interpretation. It does not adjudicate a disputed topological-computation
claim by treating a press release as a proof.
A company roadmap states an intended future capability. It is useful evidence
about that company’s goals, not evidence that the capability exists or will arrive
on schedule. This book deliberately gives no forecast date for a general cryp-
tographically relevant or commercially useful fault-tolerant machine. Such a
date is not established by the sources considered.

24.6 What would count as stronger evidence?
For error correction, seek replicated distance scaling, clearly defined logical
operations, acceptance and discard statistics, stable long runs, realistic noise,
and an integrated decoder. For an algorithm, seek a task matched to the
input-output problem, total resource accounting, controlled accuracy, and com-
parison against strong classical methods. For hardware, seek representative
simultaneous-operation results and scaling behavior, rather than only the best
isolated component.
Negative results also matter. A classical method reproducing a claimed diffi-
cult observable can narrow an advantage claim. A decoder floor can invalidate
a favorable large-distance extrapolation. A failed optimization can expose a
state-preparation bottleneck. Scientific progress includes refining the condi-
tions under which a claim holds.
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A beginner is ready to read frontier papers when they can ask: What state
was prepared? What operation was implemented? What was measured? What
was conditioned on? Which errors were modeled? Which costs were counted?
Which conclusion follows directly, and which is an extrapolation?

24.7 Exercises

24.1. Classify “a paper estimates an algorithm needs 20,000 qubits under spec-
ified noise” as experiment, theorem, estimate, or roadmap.
Solution / guidance

It is an estimate or theoretical analysis. It may contain mathematical theorems,
but the physical requirement remains conditional on the architecture and model.

24.2. A logical demonstration reports 99.99% conditional accuracy while ac-
cepting 5% of attempts. Find accepted-correct probability per attempt.
Solution / guidance

0.9999 × 0.05 = 0.049995, or 4.9995%. This does not make the experiment unim-
portant, but it changes its throughput interpretation.

24.3. Why retain both online and issue dates?
Solution / guidance

They distinguish when a result became available from the bibliographic year as-
signed to its issue. A 2026 issue can contain work publicly available in 2025.

24.4. A benchmark’s classical runtime was later reduced greatly. Does the
original experiment disappear?
Solution / guidance

No. Its measurements remain evidence, but the comparative advantage claim may
need revision. Experimental validity and superiority over a moving baseline are
separate questions.

24.5. What is missing from “our processor has the most logical qubits”?
Solution / guidance

The definition of logical, code and distance, supported operations, error and accep-
tance metrics, stability, physical overhead, timing, and the task being compared.



CHAPTER 25

Integrated laboratories and a
path to research

Learning goals. Combine mathematical derivation, simulation, statistical in-
ference, and evidence assessment in reproducible projects.

25.1 Project 1: identify a preparation
A source produces one of three preparations: |+⟩, | + 𝑖⟩, or an equal classical
mixture of |0⟩ and |1⟩. Design a measurement plan to distinguish them statisti-
cally.
Predict X,Y,Z distributions before sampling. All three have balanced Z outcomes.
In X, |+⟩ is deterministic while the other two are balanced. In Y, | + 𝑖⟩ is deter-
ministic while the other two are balanced. Thus X and Y data distinguish the
three preparations; Z alone cannot.
Use L02/L03 for the pure states and L11withmixing set to one for themaximally
mixed state. Choose a shot budget and explain how sampling uncertainty affects
a classification. For a general unknown source, do not interpret an observed
all-plus run as mathematical proof of a pure state.
Deliverable. A preparation table, exact projection calculations, simulated
counts with seeds, a decision rule, and a discussion of its finite-data errors. A
strong report distinguishes a model-selection exercise among three promised
candidates from full tomography of an arbitrary state.

25.2 Project 2: an entanglement claim under noise
Use L07 to prepare a Bell state and inspect its local reductions. Use L08’s noisy
Bell model to scan visibility v and CHSH settings. Derive the optimal S value
2
√

2𝑣 and threshold 𝑣 > 1/
√

2 before sampling.
Compare the Bell state with a classically correlated mixture of 00 and 11. Both
have local state I/2 and perfect Z correlations, but they differ in other correla-
tions. For the classical mixture, ⟨𝑋𝑋⟩ = 0 and ⟨𝑍𝑍⟩ = 1; for |Φ+⟩, both are
one. Local entropy alone does not certify entanglement.
Repeat at small and large shot counts near the violation boundary. Quantify
uncertainty rather than reporting only whether one sampled S happened to
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exceed two. The simulator assumes the specified joint distribution; it cannot
test experimental loopholes.
Deliverable. Density matrices, reduced states, a correlation table, S-versus-
visibility analysis, and an explanation of which statements are properties of the
model and which would require a physical experiment.

25.3 Project 3: recover a hidden structure
Choose either Simon’s algorithm or small-instance order finding. Record the
oracle’s promise separately from the information supplied to the classical re-
construction.
For Simon, generate measured rows until rank n−1 is reached. Show binary
elimination explicitly. Repeat with fewer samples and explain why multiple
nonzero candidates remain. For order finding, sample several Fourier outcomes
and show which convergents pass the modular-order test and produce nontriv-
ial gcd factors.
A failed sample is an expected part of these algorithms. Do not delete it from
the report. Estimate the number of complete repetitions required for a target
confidence, and include the oracle implementation in any runtime discussion.
Deliverable. An exact small-instance distribution, raw sampled results, recon-
struction steps, verified answers, and a cost-model comparison with a relevant
classical method. The visible educational oracle table should not be presented
as a real hidden-input benchmark.

25.4 Project 4: choose a code under a resource budget
Begin with the repetition-code model and compare d=3,5,7 under independent
X errors. Explain why its impressive suppression does not protect arbitrary
quantum states. Then use the distance-three surface-code lab to identify a sin-
gle error, a stabilizer-equivalent recovery, and a zero-syndrome logical string.
Use L25 to design an illustrative memory/computation budget. State 𝐴, 𝑝, 𝑝th,𝐿, 𝜖, the chosen odd d, data patches, additional patches, cycle time, and logical
depth. Verify the distance choice by direct substitution. Vary p by a factor of
two and compare costs.
Deliverable. A code-scope comparison, syndrome calculations, a distance
derivation, resource tables, and at least three omitted engineering costs. Do
not label the result a prediction for a named machine without a calibrated
model.

25.5 Project 5: a reproducible software comparison
Run the supplied Qiskit examples and reproduce an asymmetric three-qubit
circuit in L06. Map book wire j to Qiskit wire n−1−j, and compare exact am-
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plitudes up to global phase. Compare measurement probabilities rather than
expecting identical seeded counts from different random-number generators.
Add a controlled gate and a basis measurement. Introduce an intentional or-
dering error, predict its effect, and show how an asymmetric test detects it.
Then compare a single-qubit channel’s density matrix with the explicit Kraus
calculation in Chapter 8.
Deliverable. Source circuits, environment versions, mathematical predictions,
exact numerical comparisons with tolerances, finite-shot results, and a docu-
mented failure case. The objective is to build a debugging method, not simply
collect matching screenshots.

25.6 Project 6: audit a current claim
Choose one primary paper from Chapter 24. Read its abstract, methods avail-
able to you, stated metric, and limitations. Create a claim table with columns
for the statement, evidence type, measured or assumed quantities, comparison
baseline, and the strongest conclusion justified.
If access is limited to an abstract, state that limitation and do not infer unre-
ported details. Check publication and correction records. Separate the experi-
ment’s result from architecture proposals or roadmaps discussed around it.
Deliverable. A short evidence-backed technical assessment. It should identify
one result that is directly established, one extrapolation, and one useful next
experiment or analysis. This exercise develops scientific reading, not a verdict
about a company’s worth.

25.7 Assessing your work
Use four criteria: correctness of the mathematical model; traceability from
inputs to computed outputs; appropriate interpretation of uncertainty and as-
sumptions; and clarity of the connection to the scientific question. A polished
figure cannot compensate for a wrong basis convention. A correct formula can-
not compensate for a claim about a different experiment.
For numerical work, include checks that could fail: probability normalization,
channel trace preservation, known-state outputs, inverse recovery, and inde-
pendent comparisons. State the tolerance and why it is sensible. Tests are
strongest when they check an independent property rather than reimplement-
ing the same expression.
For open-ended work, a negative or qualified conclusion can be excellent. A
model that does not support a proposed advantage has still taught something
if the analysis is transparent.
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25.8 Where to go next
For information theory, study completely positive maps, entropy inequalities,
channel capacities, and entanglement theory [4]. For algorithms, study query
lower bounds, Hamiltonian simulation, block encodings, and quantum signal
processing [23]. For error correction, study stabilizer formalism, decoding,
fault-tolerant gadgets, and resource estimates [33, 37].
For hardware, choose a physical platform and learn its Hamiltonian, control
methods, noise characterization, and fabrication or optical constraints. For
software, contribute a small reproducible benchmark, simulator feature, or veri-
fied circuit transformation. The ability to connect assumptions, equations, code,
and evidence is a useful research skill across all of these paths.



APPENDIX A

Mathematical toolkit

This appendix supplies details that are useful across chapters. It can be read
when a calculation first needs them rather than memorized before beginning.

A.1 Matrix multiplication and adjoints
For matrices A of shape m×n and B of shape n×p, (𝐴𝐵)𝑗𝑘 = ∑𝑛

ℓ=1 𝐴𝑗ℓ𝐵ℓ𝑘. The
inner dimensions must match. For two square matrices,

(𝑎 𝑏
𝑐 𝑑) (𝑒 𝑓

𝑔 ℎ) = (𝑎𝑒 + 𝑏𝑔 𝑎𝑓 + 𝑏ℎ
𝑐𝑒 + 𝑑𝑔 𝑐𝑓 + 𝑑ℎ) .

The adjoint conjugates entries and transposes: (𝐴†)𝑗𝑘 = 𝐴∗
𝑘𝑗. It reverses prod-

ucts: (𝐴𝐵)† = 𝐵†𝐴†. Consequently a circuit’s inverse reverses gate order and
replaces each gate with its adjoint.
An outer product |𝑢⟩⟨𝑣| is a matrix with entries 𝑢𝑗𝑣∗

𝑘. Its action on |𝑤⟩ is
|𝑢⟩(⟨𝑣|𝑤⟩). An inner product is a scalar. Confusing the order changes the math-
ematical type of the result.

A.2 Eigenvectors and diagonalization
An eigenvector satisfies𝐴|𝑣⟩ = 𝜆|𝑣⟩ with nonzero v. Eigenvalues solve det(𝐴−
𝜆𝐼) = 0. For a Hermitian two-by-two matrix

𝐴 = ( 𝑎 𝑐
𝑐∗ 𝑏) , 𝑎, 𝑏 ∈ ℝ,

the characteristic equation is

(𝑎 − 𝜆)(𝑏 − 𝜆) − |𝑐|2 = 0,
𝜆2 − (𝑎 + 𝑏)𝜆 + 𝑎𝑏 − |𝑐|2 = 0.

Thus
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𝜆± = 𝑎 + 𝑏 ± √(𝑎 − 𝑏)2 + 4|𝑐|2
2 .

These are real. Solve (𝐴 − 𝜆𝐼)𝑣 = 0 for each eigenvector and normalize. If
eigenvalues are distinct, Hermiticitymakes the eigenvectors orthogonal: taking
matrix elements in both orders gives (𝜆 − 𝜇)⟨𝑣|𝑤⟩ = 0.
The spectral theorem writes a Hermitian matrix as 𝐴 = ∑𝑗 𝜆𝑗|𝑣𝑗⟩⟨𝑣𝑗| with an
orthonormal eigenbasis. It defines functions of A: 𝑓(𝐴) = ∑𝑗 𝑓(𝜆𝑗)|𝑣𝑗⟩⟨𝑣𝑗|.
This explains exponentials of Hamiltonians, square roots of positive matrices,
and matrix entropy.
A matrix is positive semidefinite exactly when all its eigenvalues are nonneg-
ative. A two-by-two Hermitian density matrix with trace one is physical if its
diagonal entries and determinant are nonnegative. Checking only trace and
Hermiticity is insufficient.

A.3 Gram–Schmidt and projection
Given a normalized vector |𝑢⟩ and another vector |𝑣⟩, subtract its component
along u:

|𝑤⟩ = |𝑣⟩ − |𝑢⟩⟨𝑢|𝑣⟩.
Then ⟨𝑢|𝑤⟩ = ⟨𝑢|𝑣⟩ − ⟨𝑢|𝑢⟩⟨𝑢|𝑣⟩ = 0. If w is nonzero, normalize it. Repeating
this process builds an orthonormal basis from linearly independent vectors.
For an orthonormal set, the projector onto its span is 𝑃 = ∑𝑗 |𝑢𝑗⟩⟨𝑢𝑗|. It obeys
𝑃 2 = 𝑃 = 𝑃 †. For a complete basis, P=I. Expanding a vector using this identity
yields its projection coefficients.
The Cauchy–Schwarz inequality |⟨𝑢|𝑣⟩|2 ≤ ⟨𝑢|𝑢⟩⟨𝑣|𝑣⟩ ensures that overlap prob-
abilities between normalized states lie in [0,1]. Equality occurs when the vec-
tors are linearly dependent.

A.4 Singular values and Schmidt form
For any matrix M, the eigenvalues of𝑀†𝑀 are nonnegative. Their square roots
are its singular values. A singular-value decomposition is 𝑀 = 𝑈Σ𝑉 †, with
diagonal nonnegative Σ and unitary U,V of suitable shapes.
For a bipartite pure state’s coefficient matrix 𝑀𝑎𝑏 = 𝑐𝑎𝑏, the singular values
are square roots of the Schmidt probabilities. In the fixed product bases, the
reduced operators are 𝜌𝐴 = 𝑀𝑀† and 𝜌𝐵 = 𝑀𝑇 𝑀∗ = (𝑀†𝑀)𝑇 . Indeed,
(𝜌𝐵)𝑏𝑏′ = ∑𝑎 𝑀𝑎𝑏𝑀∗

𝑎𝑏′. Both have the same nonzero eigenvalues. Their equal-
ity of spectra explains equal reduced entropies for a pure joint state.



QUANTUM COMPUTING / 2026 118

The largest singular value is the operator norm ‖M‖, the maximum stretching
of a unit vector. The trace norm sums singular values. The Frobenius norm
is ‖𝑀‖𝐹 = √∑𝑗𝑘 |𝑀𝑗𝑘|2. Different norms answer different error questions;
state overlap, global operator error, and local observable error should not be
interchanged.

A.5 Geometric sums and Fourier cancellation
For r≠1,

1 + 𝑟 + ⋯ + 𝑟𝑁−1 = 1 − 𝑟𝑁

1 − 𝑟 .

Multiply the left side by 1−r and all intermediate terms cancel. For a nontrivial
Nth root of unity, 𝑟𝑁 = 1, so the sum is zero. For r=1, the sum is N; using the
quotient without taking the limit would divide by zero.
This one identity proves QFT column orthogonality and determines finite-
precision phase-estimation peaks. Binary Hadamard cancellation is a related
character-orthogonality identity for XOR rather than addition modulo N.

A.6 Continued fractions by recurrence
For partial quotients 𝑎0, 𝑎1, …, initialize 𝑝−2 = 0, 𝑝−1 = 1, 𝑞−2 = 1, 𝑞−1 = 0.
Then

𝑝𝑘 = 𝑎𝑘𝑝𝑘−1 + 𝑝𝑘−2, 𝑞𝑘 = 𝑎𝑘𝑞𝑘−1 + 𝑞𝑘−2.
The kth convergent is 𝑝𝑘/𝑞𝑘. For [0; 2, 1, 170]: 0/1, 1/2, 1/3, and 171/512 follow
directly. In order finding, a good rational approximation still needs a modular
check; the recurrence does not know the physical problem’s order.

A.7 Confidence and finite samples
For independent Bernoulli samples, the standard deviation of a sample propor-
tion is √𝑝(1 − 𝑝)/𝑁 . Substituting ̂𝑝 gives an estimated standard error, but
near zero or one a naive normal interval can be misleading.
A distribution-free bound for independent bounded trials is Hoeffding’s inequal-
ity:

Pr(| ̂𝑝 − 𝑝| ≥ 𝜖) ≤ 2𝑒−2𝑁𝜖2.
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To make this at most δ, it suffices that 𝑁 ≥ ln(2/𝛿)/(2𝜖2). This is conservative
but does not require an unknown p in the bound. It still assumes independence;
repeated drift or correlated experimental errors need another analysis.
For several simultaneous claims, their combined error probability must be con-
trolled. A union bound can allocate δ across them. Reporting many favorable
outcomes from a large unreported search is not equivalent to testing one pre-
specified prediction.

A.8 Global phase in numerical comparisons
Two vectors may represent the same pure state while having different entries.
Fidelity |⟨𝜓|𝜙⟩|2 compares them without global-phase sensitivity. To compare
entries, estimate the phase from a nonzero overlap and align one vector first.
Do not use phase-insensitive comparison when relative phases between con-
trolled branches matter. A subroutine equal to a target up to phase may pro-
duce a different controlled operation if that phase is not tracked. The scope of
the comparison must match the circuit’s use.



APPENDIX B

Glossary and laboratory
directory

B.1 Terms and where to study them

Term Meaning Chapter

Amplitude Complex coordinate whose
coherent sums determine
probabilities

2

Ancilla Additional subsystem used
as workspace, a probe, or
a resource

1, 17

Basis Orthonormal coordinate
set or measurement
alternatives

3

Bloch vector Three Pauli expectations
of a qubit

4, 6

BQP Bounded-error
polynomial-time quantum
decision complexity

1

Channel Completely positive
trace-preserving state
transformation

8

Clifford Gate mapping Pauli strings
to Pauli strings by
conjugation

16, 19

Code distance Minimum weight of a
nontrivial logical error in a
stabilizer code

17

Concurrence Here, 2|𝑎𝑑 − 𝑏𝑐| for a pure
two-qubit state

5

Density matrix Operator describing pure
or mixed-state statistics

6

Detector Parity of measurement
records expected to be
fixed absent faults

18

120
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Term Meaning Chapter

Eigenphase Phase of a unitary
eigenvalue, defined
modulo one cycle

12

Entanglement Joint-state nonseparability;
pure-state factorization
failure

5, 6

Erasure Error with a known
affected location

17, 19

Fidelity State similarity; this book
uses the squared
convention

6

Gate depth Sequential layers under an
explicitly defined schedule

1, 20

Global phase Common phase
multiplying a whole state
vector

2

Logical qubit Encoded
information-bearing
subsystem or code-space
factor

17

Magic state Nonstabilizer ancillary
resource for logical
non-Clifford operations

19

Measurement instrument Operations specifying both
outcomes and conditioned
states

6

Mitigation Inference strategy
estimating ideal quantities
from noisy data

8

Oracle Specified black-box
operation counted as a
resource

9

Partial trace Reduction giving all
statistics accessible to a
subsystem

6

Pauli frame Classical record used to
interpret inferred Pauli
corrections

19

Postselection Restricting results to
accepted observed events

1, 19

POVM Positive measurement
effects summing to identity

6

PQC Classical cryptography
designed to resist known
quantum attacks

22

QEC Quantum error correction 17–19
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Term Meaning Chapter

QKD Quantum key distribution
with classical
authenticated processing

22

QFT Unitary Fourier transform
of quantum amplitudes

12

QPE Quantum phase estimation 12
QSVT Polynomial transformation

of singular values through
encoded access

14

Relative phase Phase difference between
coherent components

2–4

Schmidt rank Number of nonzero
Schmidt coefficients of a
pure bipartite state

6

Shot One execution yielding
measurement data

1, 23

Stabilizer Pauli constraint fixing a
code space

17

Syndrome Check outcomes used to
infer errors

17, 18

T-count Number of non-Clifford T
resources in a specified
circuit model

19, 20

Threshold Noise boundary for a
specified scalable
correction protocol

18

Trace distance Operational
distinguishability measure
based on trace norm

6

Uncomputation Reversing coherent work
to remove intermediate
information

1, 9

Unitary Inner-product-preserving
linear transformation

4

B.2 Laboratory directory
All identifiers below are present in the web edition and linked from the corre-
sponding PDF chapter.

Lab Experiment Chapter

L01 Reversible logic and
classical repetition

1

L02 Complex state preparation 2

https://quantum-computing-2026.bensont.chatgpt.site/chapters/information/#lab-bits
https://quantum-computing-2026.bensont.chatgpt.site/chapters/amplitudes/#lab-amplitudes
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Lab Experiment Chapter

L03 Full Z/X/Y projection
workbench

3

L04 Randomized measurement
practice

3

L05 Bloch sphere and
single-qubit gates

4

L06 Circuit builder and state
evolution

5

L07 Entanglement, density
matrices, and partial trace

6

L08 Bell/CHSH correlations
and finite shots

7

L09 Teleportation branches
and corrections

7

L10 Superdense coding 7
L11 Exact single-qubit noise

channels
8

L12 Error-mitigation bias and
variance

8

L13 Deutsch, Deutsch–Jozsa,
Bernstein–Vazirani

9

L14 Simon constraints and row
reduction

10

L15 Grover and amplitude
amplification

11

L16 Quantum Fourier
transform

12

L17 Quantum phase estimation 12
L18 Small-instance Shor order

finding
13

L19 Hamiltonian evolution and
product formulas

14

L20 Variational energy and
gradient steps

15

L21 One-layer QAOA on a
triangle

15

L22 Classical representation
memory cost

16

L23 Repetition-code
syndromes and logical
failures

17

L24 Distance-three
surface-code Pauli
decoding

18

L25 Illustrative logical and
physical resources

20

https://quantum-computing-2026.bensont.chatgpt.site/chapters/measurement/#lab-basis
https://quantum-computing-2026.bensont.chatgpt.site/chapters/measurement/#lab-practice
https://quantum-computing-2026.bensont.chatgpt.site/chapters/gates/#lab-bloch
https://quantum-computing-2026.bensont.chatgpt.site/chapters/registers/#lab-circuit
https://quantum-computing-2026.bensont.chatgpt.site/chapters/density/#lab-entanglement
https://quantum-computing-2026.bensont.chatgpt.site/chapters/protocols/#lab-chsh
https://quantum-computing-2026.bensont.chatgpt.site/chapters/protocols/#lab-teleport
https://quantum-computing-2026.bensont.chatgpt.site/chapters/protocols/#lab-dense
https://quantum-computing-2026.bensont.chatgpt.site/chapters/channels/#lab-noise
https://quantum-computing-2026.bensont.chatgpt.site/chapters/channels/#lab-mitigation
https://quantum-computing-2026.bensont.chatgpt.site/chapters/oracles/#lab-oracles
https://quantum-computing-2026.bensont.chatgpt.site/chapters/simon/#lab-simon
https://quantum-computing-2026.bensont.chatgpt.site/chapters/grover/#lab-grover
https://quantum-computing-2026.bensont.chatgpt.site/chapters/fourier/#lab-qft
https://quantum-computing-2026.bensont.chatgpt.site/chapters/fourier/#lab-qpe
https://quantum-computing-2026.bensont.chatgpt.site/chapters/shor/#lab-shor
https://quantum-computing-2026.bensont.chatgpt.site/chapters/simulation-algorithms/#lab-hamiltonian
https://quantum-computing-2026.bensont.chatgpt.site/chapters/variational/#lab-vqe
https://quantum-computing-2026.bensont.chatgpt.site/chapters/variational/#lab-qaoa
https://quantum-computing-2026.bensont.chatgpt.site/chapters/classical-simulation/#lab-cost
https://quantum-computing-2026.bensont.chatgpt.site/chapters/correction/#lab-repetition
https://quantum-computing-2026.bensont.chatgpt.site/chapters/surface/#lab-surface
https://quantum-computing-2026.bensont.chatgpt.site/chapters/resources/#lab-resources
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Lab Experiment Chapter

L26 BB84 transmission and
intercept–resend

22

B.3 Limits that travel with the models
The generic circuit laboratory supports eight qubits and forty operations. Mea-
surement branches are resampled for each shot. The phase and Fourier lab-
oratories use exact small-register transforms. The Shor laboratory computes
a modular-exponentiation Fourier marginal for N=15 or 21 and performs clas-
sical reconstruction; it does not compile a cryptographic modular arithmetic
circuit.
The noise laboratory evolves one-qubit density operators with explicitly stated
Kraus models. The surface-code laboratory uses nine data qubits, perfect sta-
bilizer information, and minimum-weight Pauli recovery. It does not simulate
faulty ancilla circuits or many-round spacetime decoding. The resource calcula-
tor uses an illustrative scaling relation, and the mitigation lab uses a specified
exponential model.
BB84’s classroom transcript exposes information for learning. It is not produc-
tion cryptographic software and does not implement a composable finite-key
proof or a secure authenticated network. These boundaries define what each
tool actually computes; they are essential to interpreting its output.

https://quantum-computing-2026.bensont.chatgpt.site/chapters/networks/#lab-bb84
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